Examples of positive operators in Krein space
with 0 a regular critical point of infinite rank
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It is shown that the operators associated with the perturbed wave equation in IR"
and with the elliptic operators with an indefinite weight function and mildly varying
coefficients on IR™ are similar to a selfadjoint operator in a Hilbert space. These operators
have the whole IR as the spectrum. It is shown that they are positive operators in
corresponding Krein spaces, and the whole problem is reduced to showing that 0 is not
a singular critical point.

1. Introduction

Let K be a Krein space, A a positive operator in K with nonempty resolvent
set. Then A has a spectral function with the only possible critical points being
0 and oco. In [3] we found sufficient conditions for a perturbation B in order that
Ay = A+ B be also a positive operator with nonempty resolvent set and that the
nonsingularity of 0 and/or oo persists under this perturbation. We refer to [8] for
the definitions and properties of Krein space operators.

In this note we give examples of an operator A and a perturbation B such that
both 0 and oo are regular critical points of A; = A+ B and hence A; is similar to a
selfadjoint operator in a Hilbert space. Note that in these examples both 0 and co
are critical points of infinite rank, i.e. there does not exist a neighbourhood A of
one of these two points such that F(A)K is a Pontryagin space. The examples are
the operator associated with the perturbed wave equation and an elliptic operator
with an indefinite weight. The wave equation example implies a well-posedness
result which seems to be difficult to prove without the Krein space theory. For
other examples of 0 being a regular critical point of a positive operator we refer
to [5].

In [3] we have proved the following result:

Theorem 1.1. Let (KC,[-|-]) be a Krein space and a and b two symmetric forms in
IC. Assume that a is closed, symmetric and positive (by positive we mean a(x) > 0
for all © € D(a), © #0). Further assume that D(a) C D(b) and that there exist
real numbers a and (8 such that

()
()

=

(1.1) a< <p foral zeD(a).
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Let
a, =a+ kb, kK € R.

For ka > —1 the form ay is also a closed positive symmetric form on D(a). Let A
and A, be the positive selfadjoint operators associated in (KC,[-]-]) with a and a,,
resp. (see [7]). Assume that the operator A has nonempty resolvent set and that
oo is mot a singular critical point of A.

There exist real numbers k* such that k=~ < 0 < kT and that for k_ < Kk < K
the operator A, has nonempty resolvent set and that oo is not its singular critical

point. Moreover following statements are equivalent.
(i
(ii

) 0 is not a singular critical point of A.
)

(iii) A is similar to a selfadjoint operator in (K,(-]-)).
)

0 is not a singular critical point of A.
(iv) Ay is similar to a selfadjoint operator in (IC,(-|-)).

2. Perturbed wave equation

The example to be described is an extension of the example in [2, 6].

Let G be a Hilbert space with a scalar product (-|-), H a nonnegative injective
selfadjoint operator in G. For a € IR let G, be the Hilbert space completion of
(D(H®),(H* - |H*-)). Denote by || - || the norm of this Hilbert space. The
operator H? can be extended to an isometry between G, and Ga—g- Denote by H
the Hilbert space G4 ©G_1,4 and by (-|-) its natural scalar product. If x € G; /4
then [(z|y)| < ||zl 4llyll=1/a (v € G). Therefore the scalar product (-|-) can be
extended by continuity from G, /4 X G to G154 X G_1/4 and similarly from G x G, /4
to G_1/4 X Gy1/4. Define an indefinite scalar product on H by

[zly] = (z1]y2) + (22|ly1), == (z1,22), y = (y1,92) € H.

The space H with the indefinite scalar product [-|-] is a Krein space. The funda-
mental symmetry is
0 H71/2
J= Hl/?2 0

Define the operator A in H on D(A) = G35 © Gy/4 by
0 I
A= 1]

The operator A is a selfadjoint operator in (#,[-]-]). Since

(2.1) [Az|z] = (Hoi|w1) + (22]22), 2= (21, 72) € D(A),
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the operator A is positive in (H,[-|-]). The form [Az|y], z,y € D(A) is closable.
Let a be its closure. It follows from (2.1) that the domain of a is D(a) = G,,, ® G
and that

a(z,y) = (Hl/Qﬂfl\Hl/Zyl) + (552\.7!2)7 = (z1,22), ¥y = (y1,¥2) € D(a).

Since the operators A and J commute we have:

Lemma 2.1. The operator A is similar to a selfadjoint operator in H. In partic-
ular, neither oo nor 0 is a singular critical point of A.

Let ¢ and V be symmetric H'/2— bounded operators in G. We define the form
b on D(b) = D(a)

b(z,y) = (gz1lqy1) + Vaily2) + (22|Vy1), = (21,22),y = (y1,92) € D(a) .

The operator formally associated with the form b in (H,[-]-]) is

V 0
s[5 0]
Lemma 2.2. Under above assumptions
b(x
(2.2) a < % <pB forall zeD(a).

where o = L(lgH" ]2 — ([gH~"/2|1* + 4|V H2[2)1/?)
8= SlgH |2 + (lgH /2" + 4V E2|)2).

Proof. Let x = (21,72) € D(a) = G2 © G and let r(z) = b((T; Then
a(z

r(z) = llgz1||* + 2 Re(Vz1|z2)
|HY 221 ||? + ||22||?

Set y; = H'/?xy, x5 = yo. Note that the mapping = — y = (y1,y2) is a bijection
of D(a) onto G ® G. Then

) N9 2 2RV H 2 )
TRk

)

hence for every v > 0

(lgH 12112+ AMVH 22y + el
llya[1? + lly2 11 '

(lgH 2112 = AVH 22y = 5yl
llyall? + [l

r(y) <

r(y) >
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Picking first

_ g R+ (lgH R+ AV H R
T 2AVH 7
and then
O 7 et il
T AVH 7P |
we find o < r(y) < 6. O

Corollary 2.3. There exist numbers k= < 0 < & such that for k € (k™,x7)
the form a, = a + kb defined on G,/ © G is closed, symmetric and bounded from
below.

Let A, be the associated operator in the Krein space (H,[-|-]). From Lemmas
2.1, 2.2, and a result of P. Jonas (see [3, Proposition 6]) it follows that A, is a
positive operator with nonempty resolvent set. From Theorem 1.1 (iii) and Lemma
2.1 we conclude (compare also to [2, Theorem 3.5])

Theorem 2.4. Let ¢ and V be symmetric H'/?>— bounded operators in G. Then
for real k with |k| sufficiently small, the operator A, is similar to a selfadjoint
operator in the Hilbert space (H,(-|-))-

It follows from Theorem 2.4 that the operator i A ,; generates a uniformly bounded
Cy group of operators in 4. Since the Cauchy problem

d 2 d
(2.3) — —ikV ) u4 (H+r¢)Du=0, u(0) =up , j(0) =u ,
dt dt
can be written as
dU u

P iAU, U(0)=Uy, where U =

(fi% — /{V) u
it follows that the Cauchy problem (2.3) is well-posed in Gy /4 © G_1 4.

In particular, if G = L*(IR") and H is the selfadjoint realization of the Laplace
operator in G, then we obtain a well-posedness result for the perturbed wave
equation in IR". Note that the boundedness of fH~'/2 in this case amounts to the
inequality

/ \ful? g/ \Vul? for all ue C(IR™) .
Jrn R"

We refer to the inequality (IV.4.6) in [7] for sufficient conditions to satisfy this
inequality.
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3. Elliptic operators with mildly varying coefficients on IR"

For simplicity, we consider only the second order operators. Consider form

al(z,y) = Y /aaﬁDaTDﬁ
laf+18]<2
on D(a;) = H'(IR™) where we assume
(i) for all a, 8 we have anag € L*(IR"™)
(ii) For some weakly mixed elliptic polynomial (see [1])
p(x) = Z a‘&ﬁ:ﬂ‘ﬂ'ﬁ we have m%x{Haag - GZBHLW(IR")} <r,
|al+]6]<2 ©

where r is a number to be specified later.

We are interested in the operator A, = (sgn x,,) Z DPa,3D*. Denote

lor]+[B]<2
a(z,y) = Z /a @Do‘rDﬁy b(z,y) = Z / (ap — DO"ED’B
laf+|3]<2 laf+|B3]<2

for x,y € D(a) = H'(IR™).

From the ellipticity of p we find the constant C' > 0 such that a(z) > C’||u||ip(]R").
From our assumption |b(z)| < Kra(z),z € D(a) with K dependent on a only.
Hence for r sufficiently small, all our assumptions are satisfied. Since the opera-
tor JA, J = sgnw,, is similar to a selfadjoint operator in L?(IR") by [1], if r is
sufficiently small the operator A; has the same property.

Similar results hold for the operator A = — L where L is a second order positive
w

elliptic operator in L2(IR™) (or, more generally, in L2()) with appropriate bound-

ary conditions) with constant coefficients and w is a function which vanishes on a

set of measure zero and which attains positive and negative values on sets of pos-
itive measure. With its natural domain, the operator A is a selfadjoint operator

in the Krein space L?. We consider the perturbations of the form B = —gq, where
w

q is a function. Then the forms a and b are given by
a(e,y) = (La,y),  b(w.y) = ((sena)lal e, ]q/"2y) .

gl /2|7

a(z)
\q|"/?L='/2 being a bounded operator in L?. Sufficient conditions for that can be
found in the literature; sufficient conditions for the boundedness of this operator
in the case of finite domain €2 can be found in [4].

b
Then — is bounded if and only if is bounded. This is equivalent to
a
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