
Examples of positive operators in Krein spacewith 0 a regular critical point of in�nite rankBranko �Curgus, Branko NajmanIt is shown that the operators associated with the perturbed wave equation in IRnand with the elliptic operators with an inde�nite weight function and mildly varyingcoe�cients on IRn are similar to a selfadjoint operator in a Hilbert space. These operatorshave the whole IR as the spectrum. It is shown that they are positive operators incorresponding Krein spaces, and the whole problem is reduced to showing that 0 is nota singular critical point.1. IntroductionLet K be a Krein space, A a positive operator in K with nonempty resolventset. Then A has a spectral function with the only possible critical points being0 and 1: In [3] we found su�cient conditions for a perturbation B in order thatA1 = A+B be also a positive operator with nonempty resolvent set and that thenonsingularity of 0 and/or 1 persists under this perturbation. We refer to [8] forthe de�nitions and properties of Krein space operators.In this note we give examples of an operator A and a perturbation B such thatboth 0 and1 are regular critical points of A1 = A+B and hence A1 is similar to aselfadjoint operator in a Hilbert space. Note that in these examples both 0 and1are critical points of in�nite rank, i.e. there does not exist a neighbourhood � ofone of these two points such that E(�)K is a Pontryagin space. The examples arethe operator associated with the perturbed wave equation and an elliptic operatorwith an inde�nite weight. The wave equation example implies a well-posednessresult which seems to be di�cult to prove without the Krein space theory. Forother examples of 0 being a regular critical point of a positive operator we referto [5].In [3] we have proved the following result:Theorem 1.1. Let (K; [ � j � ]) be a Krein space and a and b two symmetric forms inK: Assume that a is closed, symmetric and positive (by positive we mean a(x) > 0for all x 2 D(a); x 6= 0). Further assume that D(a) � D(b) and that there existreal numbers � and � such that� � b(x)a(x) � � for all x 2 D(a) :(1.1)



2 �Curgus, NajmanLet a� = a+ �b; � 2 IR:For �� > �1 the form a� is also a closed positive symmetric form on D(a): Let Aand A� be the positive selfadjoint operators associated in (K; [ � j � ]) with a and a�;resp. (see [7]). Assume that the operator A has nonempty resolvent set and that1 is not a singular critical point of A:There exist real numbers �� such that �� < 0 < �+ and that for �� < � < �+the operator A� has nonempty resolvent set and that 1 is not its singular criticalpoint. Moreover following statements are equivalent.(i) 0 is not a singular critical point of A:(ii) 0 is not a singular critical point of A�:(iii) A is similar to a selfadjoint operator in (K; ( � j � )):(iv) A� is similar to a selfadjoint operator in (K; ( � j � )):2. Perturbed wave equationThe example to be described is an extension of the example in [2, 6].Let G be a Hilbert space with a scalar product ( � j � ); H a nonnegative injectiveselfadjoint operator in G: For � 2 IR let G� be the Hilbert space completion of(D(H�); (H� � jH�� )): Denote by k � k� the norm of this Hilbert space. Theoperator H� can be extended to an isometry between G� and G��� : Denote by Hthe Hilbert space G1=4�G�1=4 and by h � j � i its natural scalar product. If x 2 G1=4then j(xjy)j � kxk1=4kyk�1=4 (y 2 G): Therefore the scalar product ( � j � ) can beextended by continuity from G1=4 �G to G1=4�G�1=4 and similarly from G �G1=4to G�1=4 � G1=4: De�ne an inde�nite scalar product on H by[xjy] = (x1jy2) + (x2jy1); x = (x1; x2); y = (y1; y2) 2 H:The space H with the inde�nite scalar product [ � j � ] is a Krein space. The funda-mental symmetry is J = � 0 H�1=2H1=2 0 � :De�ne the operator A in H on D(A) = G3=4 � G1=4 byA = � 0 IH 0 � :The operator A is a selfadjoint operator in (H; [ � j � ]): Since[Axjx] = (Hx1jx1) + (x2jx2); x = (x1; x2) 2 D(A);(2.1)



Regular critical point 0 3the operator A is positive in (H; [ � j � ]): The form [Axjy]; x; y 2 D(A) is closable.Let a be its closure. It follows from (2.1) that the domain of a is D(a) = G1=2 �Gand thata(x; y) = (H1=2x1jH1=2y1) + (x2jy2); x = (x1; x2); y = (y1; y2) 2 D(a):Since the operators A and J commute we have:Lemma 2.1. The operator A is similar to a selfadjoint operator in H: In partic-ular, neither 1 nor 0 is a singular critical point of A:Let q and V be symmetric H1=2� bounded operators in G: We de�ne the formb on D(b) = D(a)b(x; y) = (qx1jqy1) + (V x1jy2) + (x2jV y1); x = (x1; x2); y = (y1; y2) 2 D(a) :The operator formally associated with the form b in (H; [ � j � ]) isB = � V 0q2 V � :Lemma 2.2. Under above assumptions� � b(x)a(x) � � for all x 2 D(a) :(2.2)where � = 12 (kqH�1=2k2 � (kqH�1=2k4 + 4kV H�1=2k2)1=2) ;� = 12 (kqH�1=2k2 + (kqH�1=2k4 + 4kV H�1=2k2)1=2):Proof. Let x = (x1; x2) 2 D(a) = G1=2 � G and let r(x) = b(x)a(x) : Thenr(x) = kqx1k2 + 2Re(V x1jx2)kH1=2x1k2 + kx2k2 :Set y1 = H1=2x1; x2 = y2: Note that the mapping x 7! y = (y1; y2) is a bijectionof D(a) onto G � G: Thenr(y) = kqH�1=2y1k2 + 2Re(V H�1=2y1jy2)ky1k2 + ky2k2 ;hence for every 
 > 0r(y) � (kqH�1=2k2 + 
kV H�1=2k2)ky1k2 + 1
 ky2k2ky1k2 + ky2k2 ;r(y) � (kqH�1=2k2 � 
kV H�1=2k2)ky1k2 � 1
 ky2k2ky1k2 + ky2k2 :



4 �Curgus, NajmanPicking �rst 
 = �kqH�1=2k2 + (kqH�1=2k4 + 4kV H�1=2k2)1=22kV H�1=2k2and then 
 = kqH�1=2k2 + (kqH�1=2k4 + 4kV H�1=2k2)1=22kVH�1=2k2 ;we �nd � � r(y) � �: 2Corollary 2.3. There exist numbers �� < 0 < �+ such that for � 2 (��; �+)the form a� = a+ �b de�ned on G1=2 �G is closed, symmetric and bounded frombelow.Let A� be the associated operator in the Krein space (H; [ � j � ]): From Lemmas2.1, 2.2, and a result of P. Jonas (see [3, Proposition 6]) it follows that A� is apositive operator with nonempty resolvent set. From Theorem 1.1 (iii) and Lemma2.1 we conclude (compare also to [2, Theorem 3.5])Theorem 2.4. Let q and V be symmetric H1=2� bounded operators in G: Thenfor real � with j�j su�ciently small, the operator A� is similar to a selfadjointoperator in the Hilbert space (H; ( � j � )):It follows from Theorem 2.4 that the operator iA� generates a uniformly boundedC0 group of operators in H: Since the Cauchy problem� ddt � i�V�2 u+ (H + �q2)u = 0 ; u(0) = u0 ; dudt (0) = u1 ;(2.3)can be written asdUdt = iA�U; U(0) = U0; where U = � u��i ddt � �V �u � :it follows that the Cauchy problem (2.3) is well-posed in G1=4 � G�1=4:In particular, if G = L2(IRn) and H is the selfadjoint realization of the Laplaceoperator in G; then we obtain a well-posedness result for the perturbed waveequation in IRn: Note that the boundedness of fH�1=2 in this case amounts to theinequality ZIRn jfuj2 � ZIRn jruj2 for all u 2 C1o (IRn) :We refer to the inequality (IV.4.6) in [7] for su�cient conditions to satisfy thisinequality.



Regular critical point 0 53. Elliptic operators with mildly varying coe�cients on IRnFor simplicity, we consider only the second order operators. Consider forma1(x; y) = Xj�j+j�j�2Z a��D�xD�yon D(a1) = H1(IRn) where we assume(i) for all �; � we have a�� 2 L1(IRn)(ii) For some weakly mixed elliptic polynomial (see [1])p(x) = Xj�j+j�j�2ao��x�+� we have max�;� fka�� � ao��kL1(IRn)g < r ;where r is a number to be speci�ed later.We are interested in the operator A1 = (sgnxn) Xj�j+j�j�2D�a��D�: Denotea(x; y) = Xj�j+j�j�2Z ao��D�xD�y ; b(x; y) = Xj�j+j�j�2Z (a�� � ao��)D�xD�yfor x; y 2 D(a) = H1(IRn):From the ellipticity of pwe �nd the constant C > 0 such that a(x) � Ckuk2H1(IRn):From our assumption jb(x)j � Kra(x); x 2 D(a) with K dependent on a only.Hence for r su�ciently small, all our assumptions are satis�ed. Since the opera-tor JA; J = sgnxn; is similar to a selfadjoint operator in L2(IRn) by [1], if r issu�ciently small the operator A1 has the same property.Similar results hold for the operator A = 1wL where L is a second order positiveelliptic operator in L2(IRn) (or, more generally, in L2(
) with appropriate bound-ary conditions) with constant coe�cients and w is a function which vanishes on aset of measure zero and which attains positive and negative values on sets of pos-itive measure. With its natural domain, the operator A is a selfadjoint operatorin the Krein space L2w: We consider the perturbations of the form B = 1wq; whereq is a function. Then the forms a and b are given bya(x; y) = (Lx; y); b(x; y) = �(sgn q)jqj1=2x; jqj1=2y� :Then ba is bounded if and only if kjqj1=2xk2L2a(x) is bounded. This is equivalent tojqj1=2L�1=2 being a bounded operator in L2: Su�cient conditions for that can befound in the literature; su�cient conditions for the boundedness of this operatorin the case of �nite domain 
 can be found in [4].
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