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PARTIALLY FUNDAMENTALLY REDUCIBLE OPERATORS IN
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ABSTRACT. A self-adjoint operator A in a Krein space (K,[-,-]) is called
partially fundamentally reducible if there exist a fundamental decomposition
K = K4+[+]K— (which does not reduce A) and densely defined symmetric op-
erators S and S_ in the Hilbert spaces (K4,[-,-]) and (K-, —[-,]), respec-
tively, such that each Si and S_ has defect numbers (1,1) and the operator
A is a self-adjoint extension of S = S @ (—S_) in the Krein space (K, [, -]).
The operator A is interpreted as a coupling of operators S; and —S_, relative
to some boundary triples ((C,FBL,FIL) and ((C7 F67F;), Sufficient conditions
for a nonnegative partially fundamentally reducible operator A to be similar to
a self-adjoint operator in a Hilbert space are given in terms of the Weyl func-
tions m4 and m_ of Sy and S_ relative to the boundary triples ((C,F(T,Ff)
and ((C,l"g7 F;) Moreover, it is shown that under some asymptotic assump-
tions on m4 and m_ all positive self-adjoint extensions of the operator S are
similar to self-adjoint operators in a Hilbert space.
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1. INTRODUCTION

EEERE ==

In this paper we study a class of self-adjoint operators in a Krein space which turn
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out to be similar to self-adjoint operators in a Hilbert space. Recall that a Krein
space is a complex vector space K with a sesquilinear form [ -, -] such that there exist
subspaces K4 and K_ of K with the following three properties: [ICJF,IC_} = {0},
K = K4+K_, adirect sum, and the spaces (K., [-,-]) and (K_,
spaces. A pair of subspaces Ky and K_ with the preceding three properties is

—[+,-]) are Hilbert

tally reducible operator, coupling of operators, boundary triple, Weyl function, similar to a self-
adjoint operator.
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called a fundamental decomposition of a Krein space K. The projections Py and
P_ associated with the direct sum K = K +K_ are called fundamental projections
and the operator J = P, — P_ is called a fundamental symmetry of a Krein space.
The space K with the inner product (x,y) = [Jz,y]), x,y € K, is a Hilbert space.
Neither a fundamental decomposition nor a fundamental symmetry of a Krein space
is unique. However, the Hilbert space norms generated by different fundamental
decompositions via the corresponding fundamental symmetries are equivalent. All
topological notions in a Krein space refer to the topology of the Hilbert space
(K, {-,-)). For the general theory of Krein spaces and operators acting in them we
refer to the monographs [Bl [9].

Unlike the spectrum of a self-adjoint operator in a Hilbert space, the spectrum
of a general self-adjoint operator in a Krein space can be quite arbitrary. Therefore
it is of interest to look for conditions that would guarantee good spectral properties
of a self-adjoint operator in a Krein space.

The ultimate task in this direction is to provide sufficient conditions for a self-
adjoint operator in a Krein space to be similar to a self-adjoint operator in a Hilbert
space. A simple characterization of similarity is as follows. A self-adjoint operator
Ain a Krein space (K, [+, -]) is similar to a self-adjoint operator in the Hilbert space
(K, {-,-))if and only if A is fundamentally reducible in (I, [-, - ]); where fundamen-
tally reducible means that there exists a fundamental decomposition K = K +K_

of (IC,[-,-]) such that A is the direct sum of its restrictions to K4 N (dom A) and
K- N (dom A). Equivalently, an operator A is fundamentally reducible in a Krein
space (IC,[-,-]) if and only if there exists a fundamental symmetry J on (K, [-,-])

such that Jdom(A) C dom(A) and JAz = AJzx for all z € dom(A). The above
characterization of similarity for bounded operators appears in [45, Theorem 1, Sec-
tion 2] and in [41] Proposition 2.2], where an equivalent terminology of C-symmetry
is used.

Another kind of a self-adjoint operator in a Krein space whose spectral properties
resemble those of a self-adjoint operator in a Hilbert space is a nonnegative self-
adjoint operator with a nonempty resolvent set. The spectrum of such an operator
is real and, excluding arbitrary neighborhoods of 0 and oo, the operator A has a
projector valued spectral function whose properties resemble the properties of the
spectral function of a self-adjoint operator in a Hilbert space; for details see [43]
and Subsection 2.8 below for a short review. If the spectrum of A accumulates on
both sides of 0 (c0), then 0 (oo, respectively) is called a critical point of A. If the
spectral function of A is bounded in a neighborhood of a critical point, then that
critical point is said to be regular. Otherwise, it is said to be a singular critical
point. The set of all singular critical points of A is denoted by cs(A). Here, by
definition, ¢5(A) C {0,00}. These concepts are closely related to the similarity of
A to a self-adjoint operator in a Hilbert space: A nonnegative self-adjoint operator
A in a Krein space such that p(A) # () is similar to a self-adjoint operator in a
Hilbert space if and only if ker(A4) = ker(A?) and 0,00 ¢ cs(A).

Our first step in studying the similarity question is to introduce a new concept
related to the fundamental reducibility in Krein spaces. For the definition of defect
numbers of symmetric operators which we use in the next definition and general
Hilbert space theory see [I].

Definition 1.1. We say that a self-adjoint operator A in a Krein space (I, [, -])
is partially fundamentally reducible if there exists a fundamental decomposition
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K =Ki[+]K- of (K,[-,-]) such that the subspaces
Dy ={fekin(domA):Af e K.} and D_ = {f € K_N(domA):Af € K_}

are dense in K4 and K_ and the restrictions

S+ = AlpJr and S_ = —A|D7 (11)
are symmetric operators with defect numbers (1, 1) in the Hilbert spaces (K4, [-,-])
and (K_,—[-,-]), respectively.

Our objective in this paper is to give sufficient conditions under which a non-
negaitive partially fundamentally reducible operator in a Krein space is similar to
a self-adjoint operator in a Hilbert space.

To this end we will also use a boundary triple approach to extension theory devel-
oped in [36, 28] [17]; see Subsection 2] below for a brief review. We will apply this
theory to the symmetric operators S and S_ associated via () with a partially
fundamentally reducible operator A. Specifically, let ((C,F(J{ ,Ff) be a boundary
triple of the operator S7, the adjoint of S in the Hilbert space (K4,[-,-]), and
let m4 be the corresponding Weyl function. Then there exists a unique boundary
triple ((C,I‘O_,Fl_) for S* such that the operator A is a coupling of S; and S_
relative to the boundary triples ((C, s, I‘fL) and ((C, ry, l"f). That is, f € dom(A)
if and only if there exist f; € dom(S’i) and f_ € dom(Si) such that

f=fetfo and TEfe=Tgfo, Tffe=-Tyf

(see TheoremsTland [T below). Let m_ be the Weyl function of S_ corresponding
to the boundary triple ((C, ry ,I‘f). The Weyl functions my and m_ completely
characterize the simple (non-self-adjoint) parts of the symmetric operators Sy and
S_. Therefore, it is natural to look for conditions for the fundamental reducibility
of A in terms of the local behavior of the associated Weyl functions m4 and m_
at 0 and oc.
This approach was utilized, for example, in [32] [33] where the bondedness of the
function
Immy (iy) + Imm_ (iy)
my (iy) +m—(—iy)
on (0,1) (on (1,00)) was proved to be necessary for 0 € ¢5(A) (0o & cs(A), respec-
tively). Since we use these necessary conditions in an essential way, we introduce
the following terminology. A pair of functions (m4,m_) is said to have Do-property
(Doo-property) if the function in (2)) is bounded on (0,1) (on (1, 00), respectively).
Additionally, in Definition 3] for a Nevanlinna function m we introduce By and
Boo-property. With these four properties, our main results are as follows. If A is
a nonnegative partially fundamentally reducible operator and if associated Weyl
functions my and m_ have Bo-property, then oo & ¢s(A) if and only if the pair
(m4,m_) has Du-property (Theorem 7). Analogously, if A is a nonnegative
partially fundamentally reducible operator and if the associated Weyl functions
m4 and m_ have By-property, then 0 & ¢;(A) if and only if the pair (m,m_) has
Do-property and ker(A) = ker(A?) (Theorem [5.8)). Together these two results give
sufficient conditions for a nonnegative partially fundamentally reducible operator
in a Krein space (K, [+, -]) to be similar to a self-adjoint operator in a Hilbert space.
Furthermore, in Subsection 2.7 we define the asymptotic class A, of Nevanlinna
functions which all satisfy Bso-property and pairs of which have D, -property and

Y , y>0, (1.2)
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the analogous asymptotic class Ag for By-property and Dy-property. In Theo-
rem we prove that if the Weyl functions my and m_ associated with the
partially fundamentally reducible operator A both belong to A, N Ay, then, not
only A, but all the nonnegative self-adjoint extensions of S| @ (—S_) are similar
to a self-adjoint operators in a Hilbert space.

Finally, in Section [f] we apply our results to indefinite Sturm-Liouville differential
operators. In some cases our results lead to a new point of view at some results
from [I5] [16] 25] 26 BT, B2, B3, B4]. We also get some new results for the case
of nonsymmetric coefficients and the case when A is a coupling of two differential
operators of different order.

Since a self-adjoint operator in a Krein space is similar to a self-adjoint operator
in a Hilbert space if and only if it is fundamentally reducible, throughout the rest
of the paper we will use the shorter phrase fundamentally reducible to relate to this
property.

The main results of this paper were presented at the 21st International Workshop
on Operator Theory and Applications held in July of 2010 in Berlin, Germany.

The authors would like to thank Victor Katsnelson and Mark Malamud for useful
discussions and relevant literature suggestions.

1.1. Notation. We use the standard notation C for the set of complex numbers
and R for the set of real numbers. By C, we denote the set of all z € C with
positive imaginary part. Similarly, Ry (R_) stands for the set of all positive (neg-
ative, respectively) reals. For z € C, z*, Rez, Im z and Argz denote the complex
conjugate, real, imaginary part of z and the principal value of the argument of z
with Argz € (—m, 7], respectively.

For a noninteger real a and z € C\ [0,+00) we designate the principal branch
of 2 to be |z|* exp (i Arg(z)), where Arg(z) € (—m, ).

All operators in this paper are closed densely defined linear operators. For such
an operator T', we use the common notation p(7T"), dom(T"), ran(T") and ker(T) for
the resolvent set, the domain, the range and the null-space, respectively, of T'.

We use the symbols £ and F in a very specific way. Each sentence in which one
or both of these symbols appear should be read twice, the first time with the top
symbols and the second time with the bottom symbols. A good example of this
is the sentence containing (5:8)) and (B3) in Subsection (221 Reading this sentence
the first time defines T4 and Ty _; reading it the second time defines 7__ and
T_ .. The only exception to this rule is the symbol SLi(Q, R) which is the common
symbol for one object: the group of all real matrices with determinant equal to —1
or 1.

2. PRELIMINARIES

2.1. Weyl functions of symmetric operators. Let S be a closed densely defined
symmetric operator in the Hilbert space (’H,, (-, >H) and let p(S) denotes the set
of points of regular type of S, see [I]. The subspace

N, =Horan(S — z) = ker(S* — z), z€ p(S)

is called the defect subspace of the operator S. The dimension dim(91,) is constant
on each of the open half-planes CT and C~ and is denoted by d., for z € C* and
d_, for z € C~. The numbers d; and d_ are called the upper and lower defect
numbers of S. In this paper we assume that d, =d_ = 1.
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Since the space (dom S*)/(dom S) is two dimensional there exist (unbounded)
non-zero linear functionals I'; : S* — C, 4, j € {0, 1}, such that
ker(T'g) Nker(I'y) = dom(S)
and the abstract Green’s identity

(S*f,9)n — (f, 579 = To(9)" T'1(f) — T1(9)" Lo(f), (2.1)

holds for all f,g € dom(S*), see [28, Section 3.1.4] for much more general setting.
In [18] the triple ((C, To, I‘l) is called the boundary triple of a symmetric operator

S.
It follows from (2] that the extensions Sp, Sy of S defined as restrictions of S*
to the domains

dom(Sy) := ker(T'g) and dom(Sy) := ker(T'y),
are self-adjoint linear operators in (H, (-, )3). For all z € p(Sy) we have
dom(S*) = (dom Sp) + 9,  direct sum in  H. (2.2)

Since N, is one-dimensional and T'y # 0, it follows that the restriction Tg|s, of Ty
to I, is a bijection between 9N, and C. Then

(Colm.) ™ :C— M. CH, =€ p(So),
and we define the following two functions:
P :C\R—H and m:C\R—C
by

¥(z) = (Tolr.) "' (1) and m(z) :==T1(Tolo.) (1), z€p(So).  (23)
Clearly,

m(z) =T19(2). (2.4)

The functions ¥ and m are called the Weyl solution and the Weyl function, respec-

tively, of the symmetric operator S relative to the boundary triple ((C, T, Fl). For
a fixed z € p(Sy) the vector f = 1)(z) is the solution of the boundary value problem

S*f=zf, Tof=1, f€dom(S").
With z,w € p(Sy) substituting
f=v(), S°f=20() g=v(w), S'9=wi(w)
in (ZI) and using Tof =Tog =1, m(z) =T1f, m(w) =T1g9 we get
m(z) = mw)" = (2 - w*) (B(), () forall zwep(Sy).  (25)
With w = z* the identity (Z3]) yields that the Weyl function m satisfies the sym-

metry condition
m(z*) =m(z)" forall z € p(Sp). (2.6)
The identity (Z3) was used in [40] as a definition of the Q-function. It follows

from (23] and ([2.6]) that m is a Nevanlinna function; for the definition and basic
properties see Subsection below.
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Remark 2.1. It turns out (see [I7, page 8]) that the Weyl solution can be used to
evaluate I'1 (Sp — z)~1h for arbitrary h € H and z € p(Sp):
T1(So — 2)"'h = (h,(2")),,. (2.7)
Indeed, substituting in @) f = (So — 2)"'h, g = ¥(z*), and using T'yf = 0,
Totp(2*) = 1, we obtain the equality
((So = 2)f,9(2"))y, = (C1A)Totp(27))" = (Tof)(T1p(2"))" =T f,
which proves (2.71)).
Proposition 2.2. [IL [I7] For every z € p(Sy) the following equivalence hold:
z€p(51) <= m(z)#0
and the resolvent of S1 can be found by the formula

(h,¥(2"))

(S; —2)*h=(Sy —2)"'h — Hoap(2)

m(z)
for all h € H and all z € p(So) N p(S1).

Remark 2.3. Any two boundary triples (C,I‘O,I‘l) and ((C,fo,fl) of the same
symmetric operator S are related by

Lo Ty
~ = W
<F1> <F1> 7
0 —2

where W is a complex 2x 2 matrix satisfying W*JW = J, with J = (z 0 ) The

condition W*JW = J is equivalent to W being a unitary matrix in the Krein space
((CQ, [,- ]2), where [x,y]2 = y*Jx for x,y € C2. A direct calculation shows that a
unitary matrix W in (C2,[-,-]2) allows a factorization

W = ¢ (Z Z) where ((CL Z) € SL(2,R) and 6 € (—m, 7).

Here SL(2,R) is the special linear group of all real 2x 2 matrices with determinant
one.
The Weyl function m relative to the boundary triple ((C, To, l"l) and the Weyl

function m relative to the boundary triple ((C, fo, fl) are related by
m(z)

In particular, the boundary triple ((C, —TI', 1"0) is said to be a transpose of the
boundary triple ((C, Ty, 1"1). The Weyl function m' of S* relative to ((C, —TI'y, 1"0)
is given by m' (2) = —1/m(z), 2 € C\ R.

_dm(z)+c

RO p(So) N p(S1).-

2.2. Nonnegative operators in Hilbert spaces. Recall that a symmetric op-
erator S in a Hilbert space (H, (- >H) is called nonnegative if (Sf, f)» > 0 for
all f € dom(S). By a result of Friedrichs, every nonnegative symmetric operator
S admits a nonnegative self-adjoint extension. Moreover, as was shown by Krein
[39], in the set Ext, (S) of all nonnegative self-adjoint extensions of a nonnegative
symmetric operator S there are two extremal extensions Srp and Sk. The exten-
sions Sr and Sk, which are called the Friedrichs extension and the Krein extension,
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respectively, are maximal and minimal in the following sense: for all S € Ext, ()
and all a > 0 we have,

(Sp+a)" ' <(S+a)"'<(Sk+a)"".

The extensions Sr and Sk can be characterized in terms of boundary triples
and Weyl functions. If S is a symmetric nonnegative operator and ((C, T, l"l) is a
boundary triple for S*, then the extension Sy of S is also nonnegative if and only
if the corresponding Weyl function m is holomorphic on R_. Moreover (see [17,
Proposition 10]),

So=95r <— 1fm m(z) = —oc0.
So =Sk — h% m(z) = +oo. (2.8)

2.3. Nevanlinna, Stieltjes and inverse Stieltjes functions. A complex func-
tion m is called a Nevanlinna function if m is holomorphic at least on C\ R and
satisfies the following two conditions

m(z*) =m(z)" and Imm(z) >0, forall 2z e Cs.

Equivalently, m is a Nevanlinna function if and only if there exist a,b € R, b > 0,
and a nondecreasing function o : R — R such that

m(z)_a+bz+/R(tiz—HLt2>da(t)

/ dot) 4o (2.9)
R

142
If, additionally, o is normalized by

o(t) = o(t—0)+o(t+0)
2

then it is uniquely determined by m. For these and other facts on Nevanlinna

functions see [30] and [21, Chapter II].

We consider that a Nevanlinna function is defined on its domain of holomorphy.
That is, the domain of a Nevanlinna function m coincides with the union of C\ R
and the set of all those real points to which m admits a holomorphic continuation.

A Nevanlinna function m is called a Stieltjes (an inverse Stieltjes) function if it
is holomorphic on C\ [0, +00) and it takes nonnegative (nonpositive, respectively)
values on R_.

The following proposition is a direct consequence of the definitions.

and

and o(0) =0, (2.10)

Proposition 2.4. Let m be a Nevanlinna function. The following statements are
equivalent.

(1) m is an inverse Stieltjes function.
(ii) The function z — —m(1/z), z € C\ R, is a Stieltjes function.
(iii) The function z — —1/m(z), z € C\ R, is a Stieltjes function.

A Stieltjes function m admits the integral representation

+o0 o
m(2)=7+/0 f_(tz) (2.11)
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with v > 0 and with a non-decreasing function o(t), such that
T do(t
/ AURPN, (2.12)
o 14t

Clearly, for every Stieltjes function function m

Rem(iy) >0 forall ye Ry.

2.4. Reproducing kernel Hilbert spaces. In this section we review the basic
properties of reproducing kernel Hilbert spaces associated with Nevanlinna func-
tions. A function m defined on C \ R, is a Nevanlinna function if and only if the
kernel
K (z,w) := M, z#w", z,weC\R, (2.13)
z—w
is non-negative.
With the kernel K,,(z,w) in (2I3) we associate the reproducing kernel Hilbert

space (H(m), (-, )3 (m)) defined as follows:

(a) the elements of H(m) are holomorphic functions defined on C \ R,

(b) for every w € C\ R the function z — K,,(z,w), z € C\ R, belongs to
H(m),

(c) the set of all linear combinations of the functions in () is dense in the
reproducing kernel Hilbert space (H(m), (-, )u(m)),

(d) for every f € H(m) and every w € C\ R we have

(FO Ko 0)) gy = F(w0).

The following theorem, proved in [I8, Proposition 5.3] assures that each Nevan-
linna function is a Weyl function of a closed simple symmetric operator.

Theorem 2.5. Let m be a Nevanlinna function. The operator Sy, of multiplication
by the independent variable in the reproducing kernel Hilbert space H(m) is a closed
simple symmetric operator with defect numbers (1,1). The operator Sy, is densely
defined if and only if
1 .
lim fm m(iy) =0 and lim yImm(iy) = +oo.
yT+oo Y yT+oo

In the graph notation, the adjoint of Sy, is given by

Sy, = span{{Km (-, w), w* Kn(-,w)} : w € C\ R}

={{f.g} € H(m)*: g(z) — 2f(2) = co — cxm(z) for some cy,c1 € C}.

The numbers co,c1 € C in the last displayed equality are uniquely determined by
f € dom(S;,) and (C,Tp 0, 1) defined by

Lmo(f):=co,  Tma(f):=c,  fedom(Sy),

is a boundary triple for S),. The Weyl function of Sy, relative to the boundary
triple (C,Fmﬁo,mel) of Sy, is m.

The boundary triple ((C,I‘myo,Fm_,l) is called the canonical boundary triple for
the operator S7,.
The following theorem is in some sense a converse of Theorem
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Theorem 2.6. Let S be a closed simple symmetric operator in a Hilbert space
(7—[, (- >H) with defect numbers (1,1), let ((C,FO,Fl) be a boundary triple for S
and let m be the corresponding Weyl function. Then the operator Fp, : H — H(m)
defined by

(Fnf)(z) = (f,9(27));, fE€H, z€C\R, (2.14)
is an isometry between (M, (-, )») and (H(m), (-, )(m)) and
F,S = Sy F.

The next lemma is an easy consequence of the definitions.

Lemma 2.7. Let m be a Nevanlinna function. Define the anti-linear mapping

W :H(m) — H(m) by

(W(z)=[f(z")", z€C\R, feH(m)
Then W is a bijection and

(WEWg) = (f,9)  forall  f.g€H(m). (2.15)
In particular, [|W fllam) = | fllaem) for all f € H(m).

2.5. Nevanlinna functions and Mobius transformations. It is clear that a
composition of two Nevanlinna functions is a Nevanlinna function. However, the
reproducing kernel space corresponding to the composition can be significantly
different from the reproducing kernel Hilbert space of the composed functions. In
this subsection we show that the situation is different when a Nevanlinna function
is composed with a linear fractional (or Mdbius) transformations, which are itself
Nevanlinna functions. Then the corresponding reproducing kernel Hilbert spaces
are isomorphic.
It is straightforward to verify that the mapping

b az+b
d) —u(z) = i d (2.16)

a

GL(2,C) > (C

is a group homomorphism from the matrix group GL(2,C) of all 2 x 2 complex
matrices with nonzero determinant onto the Mobius group. The kernel of this
homomorphism is the subgroup of all nonzero multiples of the identity matrix Is.

We already encountered the subgroup SL(2,R) of GL(2,C). Below we will en-
counter its another subgroup SLj[(27 R) of all 2x2 real matrices with determinant 1
or —1. The following lemma is standard. A short proof based on the homomorphism
in (2I6) is included for completeness.

Lemma 2.8. For a Mébius transformation p the condition pu(z*) = u(z)* is equiv-
alent to
b
w(z) = Zj_td for some ((CL Z) € SL*(2,R). (2.17)

A Mdébius transformation p in 217) is a Nevanlinna function whenever ad—be > 0;
its opposite —p is a Nevanlinna function whenever ad — be < 0.

Proof. Let

a1z + b1

w(z) = P where (Zl bl> € GL(2,C).
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Assume that p(z*) = p(z)*, that is pu(2*)* = p(z). Then the homomorphism in

@I6) implies
0 (al Zi) = (a1 bl) for some 0 € C\ {0}. (2.18)
1

i c1 di
Calculating determinants of both sides yields,
52 = 2 where 0 = Arg(ardy — bicq).
Since ¢ in (2.I8)) is uniquely determined, we have
§=e or 6= —e. (2.19)

It follows from ([ZI8) and (Z19) that

1)
L (al bl) _ (a b) c SLi(2,R)
\V |a1d1 — b161| a1 dy c d
and whether ad — bc = 1 or ad — bc = —1 depends on the choice of the root in
I9). The converse is straightforward.
The last claim follows from the identity
Im p(z) ad — be

Imz ez 4 d|?

For a Mobius transformation p given in ([ZI7) a direct calculation confirms the
following identity
ad — bc

p(z) — p(w*) = (cz + d)(cw + d)

which will be used in the next proof.

(z—w*) forall z,weC\R, (2.20)

Theorem 2.9. Let p1; and po be Mobius transformations given by
a5z + bj a; b; + .
i(2) = — h 7 SL™(2,R 1,2}. 2.21
@) =22 e (U D) esitem, jenz. @2
For j € {1,2} set ¢ := ajd;j —bjc; € {—1,1}. Let m be a complex function defined
on C\ R and set
m(z) = erez pa(m(pa(2))), ze€ C\R. (2.22)

Then m is a Nevanlinna function if and only if m is a Nevanlinna function. If m
is a Nevanlinna function the mapping V : H(m) — H(m) defined by

(VH(z) = % f(ui(2)), feHM(m), 2€C\R,

is an isomorphism between the Hilbert spaces H(m) and H(m).

Proof. First notice that the Mobius transformations in ([221) have inverses which
are also Md&bius transformations of the same kind. For example

_ diz —b di  —b
1,y _ 01 1 1 1 +
pi(2) = e and (—01 a ) € SL¥(2,R).

Now the first statement follows from Lemma and the fact that a composition
of Nevanlinna functions is a Nevanlinna function.
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Assume that m is a Nevanilnna function. In the following identities we assume
that z,w € C\ R and we use [Z20), first for uo, then for u;'. For convenience we
set z1 = p1(z) and wy = py(w) and calculate:

N (m(p1(2))) = p2(m(p (w*)))
_ €1€2€2 m(zl) - m(wiﬁ)
(cam(z1) + da)(cam(w1)* +d2) py'(21) — pi'(
_ (—c1z1 +ar)(—awi +a1)  m(z1) — m(wy)
(cam(z1) + d2)(cam(wy)* + da) 21— wj
_ (cipn(2) — ar)(crpm (w)” —a1) 5 w
= Teamlus (o) F d)eam{u (@) +g) 1 1))
Consequently, substituting w with u;*(w), we get
com(w*) + dao

Ki(z,w) = €€

wy)

cipn(z) —ay

sz(’ul(z))_,’_cb Kﬁl(zvﬂfl(w))v

Ky (p1(2),w) =
that is

V(Konlw) =

Therefore, for arbitrary v,w € C\ R we have

<VKm('7 v), VK, (-, w)>q-[(m)

com(v*) +da com(w) + do <
c1v* —aq aQw —ax
com(v*) +da com(w) + da _1 1
= K’fﬁ )
vt —ay ol — o (Ml (w), 1y (U))
= Km(wvv)

= <Km(7v)7Km(7w)>'H(m)
Thus, for arbitrary v,w € C\ R we have
<VKm('7 ’U), VKm('a w)>7_[(fﬁ) = <Km('a 1)), Km('v w)>?-[(m) (224)

com(w*) + do

clw* —aq

Ka(puyt(w) forall we C\R. (2.23)

Set
L(m) := span{K,,(-,w) : w € C\ R},
L£(m) := span{ Kz (-, w) : we C\R}.
As both functions m and m are Nevanlinna functions, £(m) is dense in the Hilbert

space H(m) and L(m) is dense in the Hilbert space H(m).
Since V is linear, it follows from 223) and [2.24) that the restriction V| £(m)

is a bijection and an isomorphism of pre-Hilbert spaces £(m) and £(m). Denote
by V; the extension by continuity of V‘ £(m) to H(m). Then V; is an isomorphism

between H(m) and H(m). Let g € H(m) be arbitrary and let f € H(m) be such
that V4 f = ¢g. For z € C\ R we calculate:

(N0, ISV ()

H(m)



12 BRANKO CURGUS AND VLADIMIR DERKACH

B #)ﬁw (O Kn(m (=)

o oam(z)—a .
= —sz(m(z)) T ds f(ﬂl( ))'

Thus V = V. O

H(m)

2.6. Stieltjes functions and Mdobius transformations. Assigning to a mero-
morphic function m the value co at the poles we can consider m to be defined on
its whole domain of meromorphy. In particular, if the domain of meromorphy of
a Nevanlinna function m includes R_, then the image m(R_) of R_ under m is
contained in the one point compactification R = RU {co} of R. In the next lemma

by m(R_) we denote the closure of m(R_) in R.

Lemma 2.10. Let m be a Nevanlinna function. The following statements are
equivalent.

(i) There exists a Mdobius transformation p of the form 2IT) such that pom
is a Stieltjes function.
(ii) There exists a Mobius transformation u of the form (2I1) such that pom
is an inverse Stieltjes function.
(iii) The function m is meromorphic on C\ [0,4+00) and m(R_) is a proper
subset of R.

Proof. The equivalence of (i) and () follows from Proposition[Z4l The implication
@) = (@) is clear. To complete the proof, assume (). Then the complement of
m(R_) in R contains a finite open interval. By shifting m we can assume that
that interval is (0,2/c) with ¢ > 0. Set u(z) = —z/(cz —1). Then pom is a
Nevanlinna function which is holomorphic on C\ [0, +00). Since p(x) < 0 whenever
x € R\ [0,2/c] and m(R_) C R\ [0,2/¢] we conclude that (uom)(z) < 0 for all
x € R_. Thus g om is an inverse Stieltjes function. This proves () = (). O

Denote by Sy the set of Nevanlinna functions that satisfy the equivalent con-
ditions in Lemma The set Sxq appears in [7] as the union of Nevanlinna
functions of type I, I, IIT and V', see [T Definition 2.4] and also [7, Corollary 5.6].

Notice that a function m € Spq can have at most one pole in R_ and that the
following limits exist

m(—o0) 1= Ilj{noo m(z) € {—oco} UR and m(0—):= lggrolm(x) € RU {400},

with at least one of them being finite. In addition, m(—o0) < m(0—) if and only if
m is holomorphic on C\ [0, +00) and m(—occ0) > m(0—) if and only if m has a pole
in R_.

Remark 2.11. Let m € Spq. It follows from Lemma S1.3.1 and Remark 5.1 in [30]
that m(—oo) € R if and only if lim, 4. m(iy) exists as a real number; in this case
limyt 400 m(iy) = m(—00). Also, m(—o0) = —oo if and only if limy44. m(iy) = cc.

Since m € Spq if and only if the function z — —m(1/z), z € C\ R, is in
S, we similarly have that m(0—) € R if and only if lim, o m(iy) exists as a real
number and in this case lim, o m(iy) = m(0—). Also, m(0—) = 400 if and only if
lim, o m(iy) = oo.
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2.7. Two asymptotic classes of Nevanlinna functions. For functions f and
g defined on R, the expression

f(t) ~gt) as t— +oo (f(t) ~g(t) as t—0+)
means
f) S .
tTlfgo M =1 (tljgri ﬁ =1, respectlvely).

We define the set of functions A, as follows: a Nevanlinna function m belongs
to Ao if and only if there exist o € (0,1), C' > 0 and a Mobius transformation p
of the form (ZI7) such that o m is a Stieltjes function and for all z € C\ R we
have

C
(pom)(rz) ~ == as r — +00. (2.25)
Similarly, we define the set of functions Ay as follows: a Nevanlinna function m
belongs to A if and only if there exist a € (0,1), C' > 0 and a M6bius transforma-
tion g of the form (ZI7) such that pom is an inverse Stieltjes function and for all
z € C\ R we have

(mom)(rz) ~ =C(—rz)” as r—0+. (2.26)
In the notation of Theorem 2.9] the following proposition holds.

Proposition 2.12. (i) Assume that pi(z) = z and let pz be a Mébius trans-
formation as in 22I). Then, m € Ax (m € Ap) if and only if m € A
(m € Ay, respectively).
(ii) Let p1(z) =1/z and let pgy be a Mobius transformation as in (Z210). Then,
m € A (m € Ao) if and only if m € Ay (M € Ax, respectively).

Proof. We will prove one implication from each (i) and (). The other implications
are proved similarly.

Let m € As. Then there exists a Mobius transformation p of the form (ZI7)
such that o m is a Stieltjes function and (2.28)) holds for all z € C\ R.

Recall that, according to ([2:22)), in (i) we have m = eaug o m. Set v(z) = ez,
z € C. Since popy, ‘ovom = pom and pops, tov is a a Mobius transformation of the
form (ZIT), we have m € A,. This proves the implication m € Ay, = m € A
from (1).

Again, according to (Z:22)), in () we have m = —eauz omopuy. Set v(z) = —eaz,
z € C. Clearly,

—jo st ovom = —pomo .

Since pom is a Stieltjes function that satisfies ([2:28) for all z € C\ R, by Proposi-
tion 24l the function —pomo pq is an inverse Stieltjes function that satisfies (2:20))
for all z € C\R. As —po ;' ov is a Mdbius transformation of the form (ZI7),
we have m € Ap. This proves the implication m € Ay, = m € Ay from (). O

In the next proposition we characterize the functions in A, and Ay by their
asymptotic behavior.

Proposition 2.13. The following equivalences hold.
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(i) m € A if and only if m € Sy and there exist Cy € R\{0} and g €
(=1,0) U (0,1) such that for all z € C\ R we have

m(rz) ~ Co(—rz)*° as r— +00, (2.27)

or, corresponding to ag = 0, there exist Co € R\{0}, C; > 0 and oy €
(—1,0) such that for all z € C\ R we have

m(rz) — Cy ~ Ci(—rz)** as r — +oo. (2.28)

(if) m € Ay if and only if m € Sy and there exist Cy € R\ {0} and ag €
(=1,0) U (0,1) such that for all z € C\ R we have

m(rz) ~ Co(—rz)* as r— O+,

or, corresponding to oy = 0, there exist Cy, € R\{0}, C1 > 0 and a; € (0,1)
such that for all z € C\ R we have

m(rz) — Co ~ =Cr(=rz)** as r—0+.

Proof. We first prove the direct implication in (). Clearly A, C Spq. Assume
that m € Ay is such that (Z28) holds and let p=!(2) = (az + b)/(cz + d) with
ad — bc = 1. We distinguish two cases.

If d =0, then p=*(2) = a/c+ b/(cz), and therefore, for all z € C \ R,

m(rz) ~ z(—rz) as 1 — 4oo.

Thus (2217) holds.

If d # 0, then p=1(2) = b/d + 2/d*> + O(2?) as z — 0, and therefore, for all

z€C\R

m(rz) — g ~ d—g(—rz)*o‘ as 1 — +oo.
Consequently, 227) holds if b = 0 and ([228)) holds if b # 0. This proves the direct
implication in ().

To prove the converse let m € Spq. First assume that m satisfies (Z27)) with
ap € (—1,0) and Cy > 0. By Remark[2ZITlwe have m(—oc) = 0. If m is holomorphic
on C\ [0,400), then it is a Stieltjes function; so m € A in this case. If m has a
pole in R_, then, since m € Sy, m(0—) < 0 and m(z) ¢ (m(0—),0) forallz € R_.
Setting ¢ = —m(0—)/2 and pu(z) = z/(cz + 1), as in the proof of Lemma ZT0 we
have that p o m is a Stieltjes function. Since u(z) = z + O(22) as z — 0, we have
that

(wom)(rz) ~ Co(—rz)* as r — 0.

Hence m € A.

Second, assume that m satisfies (Z27) with ap € (0,1) and Cp < 0. Then, the
already proven part implies m' € A, and Proposition yields m € Ax.

Third, assume that m satisfies [228). Then, with u(z) = 2z — Cpy, we have
nom € As, by the second part of this proof. Now Proposition 2.12] implies that
m € Ax.

The proof of () is similar. O
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2.8. Nonnegative operators in Krein spaces. Let (IC, [,- ]) be a Krein space
and let A be a densely defined operator in K. The adjoint A*! of A with respect
to [-,-] is defined analogously as in a Hilbert space. In fact, if J is a fundamental
symmetry on (IC, [,- ]) and (-, -) is the corresponding Hilbert space inner product,
then Al = JA®™) J. In analogy with definitions in a Hilbert space, A is symmetric
in (KC,[+,-]) if A® is an extension of A and A is self-adjoint in (IC,[-,-]) if A = AN,

Since our main interest in this paper is similarity of a self-adjoint operator in a
Krein space to a self-adjoint operator in a Hilbert space, in the next proposition we
recall a known characterization of similarity. This characterization is proved in [45]
Theorem 1, Section 2] for bounded self-adjoint operators in a Krein space. In [41]
Proposition 2.2] an equivalent statement in terms of C-stable symmetries is given
and Phillips theorem [B Chapter 2, Corollary 5.20] is cited for a proof. Below we
give a simple direct proof.

Proposition 2.14. A self-adjoint operator A in a Krein space (KC,[-,-]) is sim-
ilar to a self-adjoint operator in the Hilbert space (IC,{-,-)) if and only if A is
fundamentally reducible in (IC,[-,-]).

Proof. Let A be a self-adjoint operator in a Krein space (K,[-,-]) and assume
that A is similar to a self-adjoint operator in the Hilbert space (K, {-,-)). That
is, A is self-adjoint in a Hilbert space (K, (-,-)) whose norm is equivalent to that
of (K,(-,-)). The equivalence of the norms of (K, (-,-)) and (K, (-,-)) and the
identity (z,y) = [Jx,y], for all x,y € K, imply the existence of a bounded and
boundedly invertible operator G : K — K such that (Gz,y) = [z, y] for all z,y € K.
The last identity yields that G is self-adjoint in (-,-) and the operator sgnG is a

fundamental symmetry on (IC,[-,-]). As A is self-adjoint in both [-,-] and (-, ),
A commutes with G. Hence, A commutes with the fundamental symmetry sgn G
on (IC,[-,-]); proving that A is fundamentally reducible. The converse is clear. [

A densely defined operator A is nonnegative in (K,[-,-]) if [Af, f] > 0 for
all f € dom(A). A nonnegative self-adjoint operator in a Krein space can have an
empty resolvent set; a specific example is given in [42] 1.2] and [9] Example VIL.1.5].
A modification of this example leads to a positive self-adjoint operator in a Krein
space with an empty resolvent set, see [38, Example 3.4].

However, if A is a nonnegative self-adjoint operator in (K, [-,-]) and p(A) # 0,
then the spectrum of A is real and A has a spectral function F, see [44, The-
orem I1.3.1]. The domain of E is the ring Z which consists of finite unions of
(bounded) intervals whose endpoints are nonzero real numbers and their comple-
ments in R = R U {oco}. The values of E are bounded operators on K with the
following properties. For all A, Ay, Ay € 7 we have

(E1) E(0) =0, E(R) =1,

) E(A) = B(A)

) E(A1NAz) = E(A1)E(Az),

) E(Al U AQ) = E(Al) + E(AQ) whenever Al n AQ = @,

) the space (E(A)K,=£[-,-]) is a Hilbert space whenever A C Ry,

) E(A) is in the double commutant of the resolvent of A,

) for a bounded A we have E(A)K C dom(A) and the restriction of A to
E(A)K is a bounded operator whose spectrum is contained in A.

For A € R\ {0}, it follows from (E5) that in a neighborhood of A the spectral
function E behaves as a spectral function of a positive operator in a Hilbert space.
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In particular, with A1, A2 € R\ {0} such that A\; < A < Ay the limits
ltlg\l E([A1,1]) and ltlg\l E([t,A\2]) (2.29)

exist in the strong operator topology. The existence of these limits is a consequence
of the following property of nonzero real numbers: For A € R\ {0} there exists a
A € T such that A is in the interior of A and (E(A)K, (sgnA)[-,-]) is a Hilbert
space.

A possible absence of the just mentioned property for 0 or co is a motivation for
the following definition. The point 0 (c0) is said to be a critical point of A if |-, -]
is indefinite on E(A)K for every A € Z such that 0 € A (0o € A, respectively).

However, even if 0 or oo is a critical point the limits analogous to (Z29) may
exist. If 0 is a critical point of A and the limits in (Z29) exist with A = 0, then 0
is called a regular critical point of A. If oo is a critical point of A and the limits

Jom (g and T B([f )

exist in the strong operator topology for some A1, As € R\ {0}, then oo is called
regular critical point of A. A critical point of A which is not regular is called
singular critical point of A. The set of all singular critical points of A is denoted
by ¢s(A).

The following proposition is a part of folklore in this setting. For a bounded A
it was proved in [6], and, in a more general form in [45]. For unbounded A with
a bounded inverse it appears in [I2] where [6] was cited for a proof by taking an
inverse. For completeness we include a simple proof.

Proposition 2.15. Let A be a nonnegative operator in a Krein space (IC, [- ,])
Then A is fundamentally reducible in (KC,[-,-]) if and only if p(A) # 0, ker(A) =
ker(A?) and 00,0 ¢ cs(A).

Proof. Since a fundamentally reducible operator is similar to a self-adjoint opera-
tor in a Hilbert space, the direct implication follows. For the converse, notice that
00,0 ¢ cs(A) implies the existence of the operators E(R_) := lim;_ E([t,1/t])
and E(Ry) := limy400 E([1/t,t]). It follows from (E2), (E3), (E5) and (E6) that
ERy) = E(R+)? = E(Ry)!, (E(RL)K, £[-,-]) is a Hilbert space and E(Ry) is
in the double commutant of the resolvent of A. Since ker(A) = ker(A?), Proposi-
tions 5.1 and 5.6 in [43] yield

K = E(R})K[+] ker(A)[+] E(R_)K,
direct and orthogonal sum in (K,[-,-]). Since (E(R_)K[HERL)K,[-,-]) is a
Krein space, [43, Theorem 5.2] implies that (ker(A), [,- ]) is a Krein space. Let
ker(A) = K9 [+]K2 be its fundamental decomposition. Then
K = (BRKEHKS)H (K2 [H R K)
is a fundamental decomposition of C which reduces A. O
In Subsection 5.2l we essentially use the following resolvent criterion of K. Veselié

[46] for oo ¢ c5(A). We state a special case of this criterion as it has appeared in [29]
Corollary 1.6].

Theorem 2.16. Let A be a nonnegative self-adjoint operator with a nonempty
resolvent set in a Krein space (H,[-, -]). Then:
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(a) oo & cs(A) if and only if the operators

[ / )" tdz

are uniformly bounded for n E (1,00).
(b) 0 ¢ cs(A) if and only if ker( = ker(A2) and the operators

/ / —2z) 1dz

are uniformly bounded for e € (0,1).

3. B-PROPERTIES OF NEVANLINNA FUNCTIONS.
3.1. The definition and basic properties.

Definition 3.1. Let m be a Nevanlinna function. Set
1

Im m(iy)’
Let G 00 be the mapping defined for all h € H(m) b
(Gm,och) (y) = hliy), y>1.

A Nevanlinna function m is said to have a Boo-property if ran (G, 00) C L2, (1, 00)
and the operator G, o0 : H(m) — L2, (1,00) is bounded.
Let Gy, 0 be the mapping defined for all h € H(m) by

(Gm,oh)(y) == h(iy), 0<y<L1.

A Nevanlinna function m is said to have a By-property if ran(Gmyo) C qum (0,1)
and the operator G, 0 : H(m) — L2 (0,1) is bounded.

Wi (y) 1= y > 0.

The following proposition is a straightforward consequence of Theorem and
the above definition.

Proposition 3.2. Let S be a closed simple symmetric operator with defect numbers
(1,1) in a Hilbert space (H,(-,-)n). Let (C,T'0,I'1) be a boundary triple for S*
and let m be the corresponding Weyl function. Then m has B -property (Bo-
property) if and only if G ooFm is a bounded mapping from H into qum(l,oo)
(qum (0,1), respectively). Moreover, if m has a Boo-property (Bo-property), then
Gm,ooll = [GmcoFmll ([Gmoll = |Gm,0Fm|, respectively).

In the next lemma, for a Nevanlinna function m, we introduce the operator
Ginoo
Lemma 3.3. Let m be a Nevanlinna function. Then:

(i) m has Bso-property if and only if
(Grnooh) (y) = h(=iy), y>1.

is a bounded operator from H(m) into L2, (1,00).
(ii) m has By-property if and only if

is a bounded operator from H(m) into L2, (0,1).
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Proof. For every w € C\ R and y > 0 we have

(G;m,ooKw)(y) = Kw(_iy) = m(__”j; : Z;(w)*

Together with ([2.IH), this implies statements (ll) and (i). O

Mobius transformations of Nevanlinna functions preserve Bo.-property and By-
property. In the notation of Theorem we have the following proposition.

Proposition 3.4. (a) Assume that py(z) = z or p1(z) = —z and let ug be a
Mobius transformation as in Z2I). A Nevanlinna function m has Beo-
property (Bo-property) if and only if the Nevanlinna function m has Bso-
property (Bo-property, respectively).

(b) Let pu1(z) = 1/z or pu1(z) = —1/z and let pa be a Mébius transformation
as in Z2I). A Nevanlinna function m has Bs-property (Bo-property)
if and only if the Nevanlinna function m has Bg-property (Boo-property,
respectively).

Proof. To prove @), let p1(z) = z and calculate

w (y) = |eam(iy) + dof* wn(y), 4 > 0.
For f € H(m) we have

G700V FlIZ2_ |f(iy)* wa(y)dy

o0 1
(1,o0) = /1 lcom(iy) + da|?
- / ) wm(y)dy
1

= ||Gm,oof||2L$um(1,oo)-

The above equality, Theorem 2.9 and elementary arguments yield the proposition.
The statement for p(z) = —z follows from Lemma B3
For (B, let p1(z) = —1/2 and calculate

wa (y) = leam(i/y) + dof* wm (1/y), y > 0.
For f € H(m) we have
<1 1

GroVilis = [ T
1oV i = | 2 Temer) + P

_ /Oo £ /9) P (1) dy
1Y

\F(i/y)]? wa(y)dy

1

- / | (i9) Pt (5)ds
0

= ||Gm,0f||%am(o,1)-

This identity, Theorem and elementary arguments yield claim (B). The state-
ment for py(z) =1/z follows from Lemma B3] O

Next, we characterize B-properties in terms of a bounded operator between
weighted L? spaces.
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Proposition 3.5. Let m be a Nevanlinna function with the integral representation

m(z) = a+/0+oo (w i - 1fx2) do () (3.1)

where a is a real number and o(x) is a non-decreasing function such that ([2.9)
holds. The following statements hold.

(a) The function m has Beo-property if and only if the mapping Hy, o defined
by

+o0 T
(Hmmf)(y)::/o j(—_'_;da(:v), fer?®Ry), y>1,

is a bounded operator from LZ(Ry) into L2, (1,00).
(b) The function m has Bo-property if and only if the mapping H,, o defined
by
+o0 T
(o)) = [ Do), jerzm. o<y<u,
o Tty
is a bounded operator from LZ(Ry) into L2, (0,1).

Proof. Tt follows from [3, Theorem 3.2] that the mapping

o [T 1 dotw) 52)

is an isomorphism between LZ(R ) and H(m). Therefore, by Definition B} m has
Boo-property if and only if the composition of (32) and Gy, 0, that is,

—+o0
fes / O o) (3.3)
0o Ty

is a bounded operator from L2Z(R") into L% (1,00). The inequalities
Lot V2 |
Ty " |lr—iyl T z+y
imply that the operator in (B3] is a bounded operator from LZ(R*) into L2, (1, 00)
if and only if H, o is a bounded operator from L2 (R") into L2, (1,00). This proves

(@).
The second statement is proved similarly. O

(xvy € RJr)

3.2. Sufficient conditions for B-properties of Nevanlinna functions. We
will need the following Schur test, see [27, Theorem 5.9.2], for boundedness of
integral operators.

Lemma 3.6. Let (X,31,01) and (Y,X2,02) be o-finite measure spaces and let
K(x,y) be a nonnegative measurable function on a product space (X,%q,01) X
(Y,X9,09). Suppose that there exist strictly positive measurable functions q1 on
(X,31,01) and g2 on (Y, Yo, 02) such that the function

(#, y)q1 (z)do (x)

is essentially bounded on (Y, Xa,02) and the function

p /Y K(z,y)g2(w)do2(y)

Y =
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is essentially bounded on (X,¥1,01). Then for all f € L?(X,01) we have that

/Kfﬂy z)do (z)

exists for og-almost all y € Y, Af € L(72 (Y) and A is a bounded operator from
L2 (X) to L2 (Y).

Combining Proposition and Lemma one obtains the following sufficient
conditions for B, and By-properties.

Corollary 3.7. Let m have the integral representation B1) and assume that there
are strictly positive measurable functions g1 on Ry and g2 on (1,00) such that the

function
IR
y— / 1) o) (3.4)
@) Jo z+y
is essentially bounded on y € (1,00) and the function

+oo
! / W)\ )y (3.5)

H
() T+y
is o-essentially bounded on Ry. Then the function m has B -property.

Proof. The assumptions of the corollary and Lemma B.6] imply that the operator
H,, o is bounded, so, by Proposition 35 m has Boo-property. O

In Theorem and its corollaries below we give sufficient conditions for Buo-
property and By-property in terms of the asymptotics of a Nevanlinna function m.
The key step in the proof of this theorem is the following Abelian and Tauberian
theorem for the Stieltjes transform at the point oo which is essentially contained
in [§] and [I1], see also [10] for a more general theorem, or [35] for the classical
Karamata Tauberian theorem.

Theorem 3.8. Let m be a Stieltjes function with the integral representation
T do(t
m(z) = / do(t) (3.6)

t—=z
0

where o(t) is a non-decreasing function satisfying 2I0) and ZI2). Let C > 0
and o € (0,1). Then

for all z€ C\R we have m(rz) ~ % as 1 — 400, (3.7)
if and only if
3 -«
oty ~ ET) T (3.8)

T 11—«
Proof. The direct part of Theorem[3.8lis a special case of the Tauberian Theorem 7.5
from [§].
Assume now that o satisfies ([B.8]). Integrating by parts in (8:6) and using (B.8)

one obtains
—+o0

B o(t)dt
m(z) = O/ (=SE

Now the asymptotic (3) is implied by the Abelian Theorem 3.2 from [I1]. O
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Theorem 3.9. Let m be a Stieltjes function. If there exist a € (0,1) and C > 0
such that for all z € C\ R we have

m(rz) ~ = as r— 400, (3.9)
then m has Boo-property.

Proof. Let m be a Stieltjes function with the integral representation (ZIT) for which

EI2) and @2I0) hold. Assume B3). Since by [30, Lemma S1.3.1] and 9) for v
in (2I1) we have

v = lim m(iy) =0,

yT+oo
Theorem applies. _
Consequently, there exists C = C;f(‘lnfzg‘) > 0 such that
o(t) ~Cit'™® as t— +oo. (3.10)
Let 8 > 0 be such that a4+ 8 < 1. Set
1
wl?) = oy

and

° doq(x) o do(t)
q2(y) ::/0 o where ol(x):/o L

Notice that by definitions of ¢; and g we have
~ q(x)
—do(z) = for all > 1.
| 2 dote) = ) y
Hence, ¢1 and ¢ satisfy (84) in Corollary[B7l The rest of the proof is a verification

of 3.

Integration by parts in the formula for o; yields

o(x) Too(t)

It follows from (3.I0) that
o(t) N Cy
(1+¢)s+1 totB
and, by I’'Hopital’s rule,

as t— +oo,

r t
/ (Ldt ~Cyz' ™ P as 1 — 400
0

1+ 2)ptt
Since also
ﬂ ~CL TP as 4o
(1+1t)8 '
the equality (3I]) implies
o1(x) ~ C32t 7P as = +oo, (3.12)

Now ([BI2) and Theorem B8] yield

q2(y) ~ Jath as y — 00. (3.13)
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for some C4 > 0. Next consider the function

x / a2(y) wm (y)dy, x> 0.
1

r+y
Since by [BI3) and assumption (9] we have
Cs
@2 (Y)wm (y) ~ R et

for some C5 > 0, Theorem [B.§ yields
° C
/ Mwm(y)dy ~ =5 as z o oo
1T Tty P
The last displayed relationship implies that the function
1 / * a2(y)
T — wm (y)dy, x>0,
a(z) )1 Tty )

is bounded; that is (3.]) holds. Now Corollary B limplies that m has B~ property.
O

Corollary 3.10. Every function in A has Bso-property.

Proof. Let m € A be arbitrary. Then there exists a Mobius transformation p
such that p om is a Stieltjes function and (Z23) holds. By Theorem the
Nevanlinna function g om has Buo-property. In turn, Proposition B.4@) yields that

m = p~ ! oy om also has By-property. O

Corollary 3.11. FEwvery function in Ay has Bg-property.

Proof. Let m € Ay be arbitrary. Set pi(z) = 1/z and us(z) = —z. By Proposi-
tion ZZT2[) the function m = us o m o g belongs to A, so m has Beo-property
by Corollary B0l Now, Proposition BY[D) implies that m has Bo-property. (]

4. COUPLING OF SYMMETRIC OPERATORS

4.1. Coupling of symmetric operators in a Hilbert space. In this section we
consider two Hilbert spaces (H4, (-, )2, ) and (H_, (-, )3_) and their (external)
direct sum H = H, ® H_ with the natural inner product (-,-)5. If T4 is an
operator in Hy and 7_ is an operator in H_, then T, & 7T_ denotes their direct
sum, that is

(T, & T.) (ﬁ) - @:’Zﬁ) . fv edom(Ty), f_ € dom(T.).

The following assumptions apply to all four statements in this subsection. We
assume that S is a closed symmetric densely defined operator with defect numbers
(1,1) in the Hilbert space (Hi, (- >’Hi)' We let ((C, 1"3[, I‘li) be a boundary triple
for S% and my and 14 are the corresponding Weyl function and the Weyl solution.
By SOi we denote the self-adjoint extension of Si which is defined on dom(S5) =
ker(Ig). That is S5 = ST |ye(rty-

In the following theorem we reformulate results from [20], (see also [I3]) in a
form which is convenient for further use in this paper.

Theorem 4.1. Under the general assumptions of this subsection we have:
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(a) The linear operator S defined as the restriction of ST @© S* to the domain
dom(S) = : 2 € dom(S71), f- € dom(S™
©={(): HI Tred) 2o e € domish. s < domis)

is, closed, densely defined and symmetric with defect numbers (1,1) in the

Hilbert space H.
(b) The adjoint S* of S is the restriction of ST © S* to the domain

dom(s) = { (1) 0370 = T3 (1) = 0. £+ € dom(5), /- € dom(s") .

(¢) A boundary triple (C,T'o,I'1) for S* is given by

f-
(d) The Weyl function of S relative to the boundary triple ((C,l"o,l"l) is
m(z) =my(z) +m_(z), ze€C\R.

(e) The self-adjoint extension Sy of S such that dom(Sy) = ker(I'y) coincides
with the restriction of S & S* to the domain

[(5), TEU TR () =0, e € dom(sy)
o) ={ (1) ) T o 1 Cams) |- 02

(f) The self-adjoint extension Sy of S such that dom(Sy) = ker(T'g) coincides
with the restriction of ST © S* to the domain

Tof =Tffi Taf =TffetTife, f=(§) cqoms). @

dom(so) = { () T§(70) =T (1) = 0. £ € dom(s7). /- € dom(s7)}
and thus Sy = Sg' @S5 .

The operator S defined in Theorem [LTI@) is called the coupling of the operators
Sy and S_ in the Hilbert space (’H, (- )H) relative to the triples ((C, I‘(J{, I‘f) and
(C,Iy,T7).

In the next proposition we give a criterion for nonnegativity of the coupling Sy
of two nonnegative operators S; and S_ in the Hilbert space (H, (- >H)

Proposition 4.2. In addition to the general assumptions of this subsection assume
that SOi is a nonnegative self-adjoint extension of St in Hy. Then the coupling Sy
is a nonnegative self-adjoint operator in (7—[, (- >H) if and only if

my(z) +m_(z) #£0 for all reR_. (4.3)

Proof. Since the self-adjoint extensions Sy and S, are nonnegative, then the Weyl
functions m,4 and m_ are holomorphic on R_ and (—o0,0) C p(Sy), where Sy =
S§ @Sy . As, by Theorem ILII([d), m(z) = m (2) +m_(2) is the Weyl function of S
relative to the boundary triple 1), it follows from Proposition 22 that [@3]) holds
if and only if (—00,0) C p(S1), or, equivalently, if and only if Sy is nonnegative. [

Corollary 4.3. In addition to the general assumptions of this subsection assume
that the operator Sy is the Krein extension of Sy. Then the coupling Sy is a
nonnegative self-adjoint operator in the Hilbert space (7—[, (-, >H) if and only if the
following two conditions are satisfied:

(i) Sy := Si|ker(rg) is a non-negative operator in the Hilbert space H_.
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(i) limg)—oo (M4 () + m_(z)) > 0.
If the coupling S1 is a nonnegative, then there exists a constant ¢ € R such that
my — ¢ and m_ + ¢ are Stieltjes functions.

Proof. Since S is the Krein extension of S, then by (2]
li% m4(z) = +o0. (4.4)

If the coupling S7 is nonnegative, then the operator S_ is also nonnegative and
hence its extension S; has at most one negative eigenvalue (see [39]). Then the
Weyl function m_ has at most one pole on R_ and by (@4)

lgﬁi/rr%(m+(:z) +m_(z)) = +oo. (4.5)

Assume that m_ has a pole at 2y € (—o0,0). Then

lim (m () +m_(2)) = —c,

and, hence m4 + m_ has a zero in the interval (x9,0). By Proposition the
operator S7 has a negative eigenvalue which is impossible, if the operator Sy is
nonnegative. Therefore, the function m_ is holomorphic on R_ and S; is a non-
negative operator in the Hilbert space H_.

Since the restrictions of my and m_ to R_ are continuous and monotonically
increasing functions which satisfy the condition (LX), the condition ([@3]) of non-
negativity of S can be rewritten as ().

Conversely, if (i) and (ii) hold, then the operators Sy and S; are nonnegative
in H4 and H_, respectively, m_ is holomorphic on R_ and (@3] holds. Therefore,
the coupling S; is nonnegative by Proposition .2

To prove the last statement, set ¢ = lim,|—oo my(x). Then my(x) — ¢ > 0 and
by (ii)

m_(x)+c¢> lim m_(z)+ lim my(z) >0
T xl—o0

l—o0

for all x € R_. Therefore m4 — ¢ and m_ + ¢ are Stieltjes functions. O
The next corollary is proved similarly.

Corollary 4.4. In addition to the general assumptions of this subsection assume
that the operator SSL is the Friedrichs extension of Sy. Then the coupling S1 is a
nonnegative self-adjoint operator in the Hilbert space (H, (- >H) if and only if the
following two conditions are satisfied:

(i) Sy = Sj|kcr(1‘g) is a non-negative operator in H_.

(i) m4(0) +m—(0) = limgpo— (m4(z) + m_(z)) < 0.
If the coupling Sy is nonnegative, then there exists a constant ¢ € R such that my—c
and m_ + ¢ are inverse Stieltjes functions.

4.2. Non-separated extensions as couplings. In Theorem [LIl@) we defined
the coupling 57 of symmetric operators Sy and S_ relative to the boundary triples
(C,rg,Tf) for S% and (C,Ty, Ty ) for S*. Using different boundary triples would
result in a different coupling operator. In this subsection we characterize all self-
adjoint extensions of Sy @& S_ which can be obtained as couplings of S; and S_.
Let, as before, ((C, th, Fli) be a boundary triple for S%. It is not difficult to see
(cf. [I3] Lemma 3.4], [20] for a more general setting or [2, Appendix II, 125] for
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the case of differential operators) that a restriction S of ST @®S” is a self-adjoint
extension of Sy @& S_ in (H, (-, )x) if and only if

dom(5) = {(f;) € (dom S7) @ (dom S7) M(?f?) - N(Ef?) }

where M and N are 2 x 2 matrices with complex entries such that the block matrix
(M N) has rank 2 and the matrix M N* is self-adjoint.

If Sis a self-adjoint extension of S} @ S_ in (7—[, (- >H) then either

(grS) N (Hyo {O})2 =gr(5;) and (grS)n ({0} @ H_)2 =gr(S_-) (4.6)
(gr8) N (Hy @ {0})? and (grS)n ({0} n )’

are graphs of self-adjoint operators in (H+, (- )H+) and (7—[_, (- >H7), respec-
tively.

In the later case we say that the self-adjoint operator Sisa separated extension of
S+ @ S_ and the corresponding boundary conditions are called separated boundary
conditions. If (6] holds, then we say that S is a non-separated extension of S+ @
S_ and the corresponding boundary conditions are called non-separated boundary
conditions.

Notice that multiplying matrices M and N from the left by the same invertible
matrix does not change the domain of S. Therefore, we can assume that the block
matrix (M N) is in reduced row echelon form. As the rank of (M N) is 2, the
reduced row echelon form of (M N ) takes one of the following six forms:

0O 0 1 0 01 %« 0 1 * % 0
0 0 0 1 0 0 0 1 0 0 1
0 1 0 = 1 = 0 = 1
0 0 1 0 0 1 =« 0

where * stands for an arbitrary complex number.

A straightforward calculations show that the only matrices of the above 6 types
for which the corresponding matrix M N* is self-adjoint are of the following four

*

= o O %
* %
* %
N~

types:
0 01 0 1 0 a O
(O 0 0 1) (O 0 0 1) (4.7)
1 pe? 0 oe? 1 0 o w
<O 0 1 —eie/p) (O 1 w* ﬂ) ' (4.8)

where w € C, a,f,0,0 € R, and p > 0. Clearly, the matrices in [{7) give rise
to separated boundary conditions, while the first matrix in (L8] leads to non-
separated boundary conditions. The second matrix in (L8] leads to separated
boundary conditions if and only if w = 0. A similar classification of boundary
conditions for a regular Sturm-Liouville problem was established in [14].

Theorem 4.5. Let Sy be a closed symmetric densely defined operator with defect
numbers (1,1) in the Hilbert space (H+, (-, )u.). A self-adjoint extension S of
S @S- in (H,(-,-}H) is a coupling of Sy and S_ relative to some boundary
triples of S and S* if and only Zf§ s a non-separated extension of Sy & S_.
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Proof. Assume that Sis a coupling of S and S_ relative to boundary triples
(C,Tg,Tf) and (C,I'y,Ty). Let

{6)-(57)) e

Then, by definition of Sasa coupling, we have I'§ f+—T50 =0and 'y f1+I';0 = 0.
That is, If f1 = 0 and I’y f4 = 0, proving that (grS) N (Hy @ {O})2 = garS,.
Similarly, (gr )N ({0} @ 7—[_)2 = grS_. Hence, S is a non-separated extension.
To prove the converse, assume that Sisa non-separated self-adjoint extension
of Sy ®S_ in (’H, (- )H) Let ((C, I‘Oi, I‘f) be a boundary triple for S%. Then the
block matrix (M N ) corresponding to the boundary conditions that determine the

domain of § are of two forms in (X)) with w # 0.
First we consider the boundary conditions corresponding to the first matrix in

E3)
Tdfr = (€“/p)Tq f- =0
i fi + (—oe™)Tg f- + peT f— = 0.
These boundary conditions can be rewritten as:

T3 (f+)—To(f-) =0, T{(fe)+T7(f-)=0, (4.9)

Lo _ <r§<f+>) Lo (F2)) _ o <1/p o> <r0 f))

Ff(f+) Iy (f+))’ ry =) -0 p Iy (f-)
By Remark 23] the triple ((C, fa, ff) is a boundary triple for S*. Therefore, the
coupling of S and S_ relative to the boundary triples ((C, far, ff) and ((C, fa, fl_)
coincides with the operator S.

Next we consider the boundary conditions corresponding to the second matrix
in ([A8)) with w # 0. These boundary conditions are

where

w'Ty f+ — (P f- = BTG f-) =0 (4.10)
T F - O (T ) ~0 (4.11)

Setting

Te(ro _ (w* o> <r3<f+>> Ty (/)Y _ (—ﬁ 1) <r0<f_>)
(Ff(ﬁr)) -2 )\ A\ —1 0/ \I'1(f-)

one can rewrite boundary conditions ([@I0),([@IT) in the form [@3). By Remark[Z3]
the triple (C,fg‘,ff) is a boundary triple for ST and the triple ((C,fg,fl_) is
a boundary triple for S*. Therefore the coupling of S, and S_ relative to the
boundary triple (C,fg‘,ff) for S7 and the boundary triple ((C,fo_,fl_) for S*
coincides with the operator S. This completes the proof. O



PARTIALLY FUNDAMENTALLY REDUCIBLE OPERATORS 27

4.3. A partially fundamentally reducible operator as a coupling. Given
two symmetric operators, S, in the Hilbert space H and S_ in the Hilbert space
H_, in Subsection 1] we constructed a coupling S; of these two operators which
is a self-adjoint operator in the Hilbert space H = H & H_.

Next we introduce a Krein space structure on H. Let J be a self-adjoint involu-
tion on (H,(-,-)») defined by

J (;ﬁ) = (f;g) fr €Hyy f-EH_. (4.12)

This involution induces an indefinite inner product on H:

[fag]H ::<Jfag>';.p fngHv

and with this inner product (H,[-,]x) is a Krein space.

With S and S from Theorem [A Il we define Ay := JSy and A, := JS;. Since Sy
and S; are self-adjoint in the Hilbert space (H, (-, )n), Ao and A; are self-adjoint
in the Krein space (H,[-,-]x). In fact, Ag and A; are given by

Ao (j}) _ (_Si_f;) , (?) € dom(Ap) = dom(Sy), (4.13)

A, (?) _ (_Sﬁif}) , (j}) € dom(A;) = dom(S). (4.14)

The operator A; will be called the coupling of the operators S; and —S_ in the
Krein space (H,[-,]x).

In the rest of this subsection we will proceed in the opposite direction: Given
a partially fundamentally reducible self-adjoint operator A in the Krein space
(K, [, ]x) we will prove that A is a coupling of two operators.

Recall that Definition [LTlassociates a fundamental decomposition K = K [+]K
of (IC, [+, ]x) and symmetric operators Sy and S_ with a partially fundamentally
reducible operator A in a Krein space (K[, ]x). As before, ST denotes the
adjoint of Sy in the Hilbert space (Ki,=£[-,-]). By Py and P_ we denote the
orthogonal projections and by J the fundamental symmetry corresponding to the
fundamental decomposition K = K [+]K_, while (-, - )x denotes the corresponding
Hilbert space inner product and || - ||, denotes the norm induced by (-,-)x. The
notation related to a partially fundamentally reducible operator A introduced in
this paragraph is used throughout the rest of the paper.

Theorem 4.6. Let A be a partially fundamentally reducible operator in a Krein
space (K, [-,-]x). The following statements hold.

(a) We have dom(S%) = Py dom(A) and
+STP.f=PLAf forall fedom(A).
(b) Let ((C, Iy, Fi") be a boundary triple for S%. Then the equalities
Ly P_f=TdPsf, [P f=-T{P.f, f € dom(A), (4.15)

define a boundary triple ((C,l"g, 1"1_) for S_.

(¢c) We have A = JS1 where Sy is the coupling of the operators Sy and S—
in the Hilbert space (K, (-, )x) relative to the boundary triples (C,I'j,T')
and (C,FS,FI).
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(d) If A is nonnegative in (K, [-,|x) and the operator S = S_T_|kcr(rg) coin-
cides with Krein’s or Friedrichs’ extension of Sy, then S, = Si|kcr(1‘0*) is
a nonnegative operator in the Hilbert space (K_,—[-,-]x).

Proof. The statements @) and (b)) are proved in [20, Lemma 5.1].

@) It follows from ([@2) and (AIT) that dom(A) = dom(S;). The equality
A = JA; follows from (EI4).

The last statement is implied by Corollaries [£3] and 4] O

The results of the next theorem can be derived from [19]. However, we prefer
to present a direct proof for this elementary case when defect numbers of Sy are
(1,1). In the case of indefinite Sturm-Liouville operator similar construction has
been used in [32] Proposition 2.5].

Theorem 4.7. Let A be a partially fundamentally reducible operator in a Krein
space (K, [, ]x) and let (C,T§,T}) and (C,T'y,I7) be the boundary triples from
Theorem IGIW). Let my be the Weyl function and let 1 be the Weyl solution
of S+ relative to the boundary triple ((C,l"at,l"{t). Let the operator Ay be given

by EI3). Then

p(A)\R={z€ C\R:my(z)+m_(—z) #0}. (4.16)
If p(A) \ R is a nonempty set, then for every z € p(A) \ R and every h € K the
resolvent of A is given by

[h (2]

me () mo(—2)

(A=z)""h=(4g—2) 'h— ¥(z), (4.17)

where

$(2) = i (2) + 9 (=2).
For h € K. the vector f = Py (A — z)_lh is the solution of the z-dependent
boundary value problem

(St —2)f=h, TTf+m_(—2)IJf=0. (4.18)

Proof. Recall that the operator A coincides with the coupling A; defined by (E14]).
Let z be an arbitrary non-real number. By the definition of A; the equation
(A1 — 2z)f = h with f € dom(S1) and h € K is equivalent to the system

(ST —2)fr =hy, —(S* +2)f =h_, (4.19)

where f = Py f, f- = P_f, hy = PLh and h_ = P_h. Tt follows from (22)) and
@I9) that fi € dom(S7) can be expressed as

f+= (S5 - z)_1h+ +ciy(2) with some ¢y € C. (4.20)
Similarly, f_ € dom(S*) can be expressed as
f-=—(Sy + z)_lh_ +c_t¢_(—z) with some c_ € C. (4.21)
By (24) and (27) we have
I3 fe =cy,
ryfo=c,

T fe =1 (S5 = 2) 'hy +cymy(2)
= [h, 4 (27)] c + coma (2),
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TTf =TT (S +2) 'h+cm_(—2)
= [ (=2 +com_(=2).

As fy and f_ satisfy the boundary conditions ([@I5]) in the definition of dom(A;) =
dom(S1) we get

C+—07:O,

([h+, Yi(z)] e + c+m+(z)) + ([h,,w,(—z*)},C + c,m,(—z)) =0.

For each z such that my(z) +m_(—z) # 0 the above system has a unique solution
for cq,c_:

[h+7¢+(2*)])<+ [hfﬂ/)*(_zj‘)])( o _[haw(Z*)];C

() +m(—2) T+ m(-2)
Now (£20), @2I) and @22)) imply that whenever m4(z) + m_(—z) # 0, for
arbitrary h € K, the system ([@I9) has a unique solution f € dom(A;) and [{@IT)
holds. This also proves that the right hand side of (£I€) is a subset of the left
hand side.

To prove the converse inclusion in ([@I6]) assume that m(z) +m_(—z) =0 for
some z € C\ R. Then (Z3)) and 24) imply that

Iiyi(2) =g (—2) =1-1=0

P (2) £ DT (=2) = m () + m(—2) = 0.
In view of ([A2) this means that ¢ (z) + ¢_(—2z) € dom(A4;) = dom(Sy). Since

(A1 = 2)9(2) = (S5 = 2)4(2) + =(SZ + 2)P-(=2) =0,
z is an eigenvalue of A;. That is z ¢ p(A;) \ R.
To prove (A1), set h = hy € K. Then the first equality in (@8] is implied
by (I9). Since (2I)) takes the form f_ = c_¥_(—z) € ker(S* + 2), then
I fo = mo (=205 f- = m_ (=) fs

In view of (AIH) this proves the second equality in (Z.I8). O

cy =c_=— (4.22)

Corollary 4.8. Let the assumptions of Theorem[ZT] hold. Then
my(z)+m_(—2)=0 forall z€C\R (4.23)
if and only if the resolvent set of A is empty. In this case C\ R C 0,(A).

As we pointed out in Subsection 2.8 a nonnegative self-adjoint operator in Krein
space can have an empty resolvent set. Next we show that this cannot happen for
a nonnegative partially fundamentally reducible operator.

Corollary 4.9. A nonnegative partially fundamentally reducible operator A in a
Krein space (IC,[-,-]x) has a nonempty resolvent set.

Proof. Assume that p(A) = 0. Since A is nonnegative in (K,[-,-]x), then S; and
S_ are nonnegative in the Hilbert spaces (K4,[-,-]x) and (K_,—[-,-]x), respec-
tively. Hence each of the Weyl functions m and m_ has at most 1 pole on R_. By
Corollary [£8 the equality (23] holds, which implies that m is a rational function
with at most three poles on R. But this contradicts the assumption that S is a
densely defined operator. O
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The claim in the last corollary can also be deduced from [4 Corollary 2.5]. We
notice that for a class of indefinite Sturm-Liouville operators the nonemptiness of
the resolvent set was proved in [32] Proposition 2.5(iv)] and [41l, Theorem 5.3] using
the known asymptotic behavior of the Titchmarsh-Weyl coefficients.

5. REGULARITY OF CRITICAL POINTS

Throughout this section we use the notation introduced in the paragraph pre-
ceding Theorem and in Theorem [71 By Corollary [£.9] a nonnegative partially
fundamentally reducible operator A in a Krein space has a nonempty resolvent set.
Therefore A has a spectral function with critical points 0 and oco. In this section
we study these critical points in terms of the Weyl functions my and m_.

5.1. D-properties of pairs of Nevanlinna functions. The following necessary
conditions for the regularity of the critical points 0 and oo of an indefinite Sturm-
Liouville operator in terms of the Titchmarsh-Weyl coefficients were established in
in [32], Corollary 5.3] (see also [33] Theorem 3.4]).

Theorem 5.1. ([32], [33]) Let A be a nonnegative partially fundamentally reducible
operator in a Krein space (K, [+, ]|x) and let my and m_ be Weyl functions intro-
duced in Theorem[ZT. Then the following two statements hold.

(a) If oo & cs(A), then the functions
Imm(z) Imm_(2)
, —
[m (2) +m—(=2)] Imy(2) +m—(=2)|
are defined on C and are bounded on Q% = {z € C4 : |z| > R} for each
R >0;
(b) If0 & cs(A), then the functions in (&) are defined on C4 and are bounded
on Q% ={z € Cy : |z| < R} for each R > 0.

Let us sketch the proof of (@) from [33] using the notation of Theorem [7 Since
00 & ¢s(Aq) the functions

2 (Im2)[ (A= 2) 7, 2= (Im2)[|[(S — 2)7*| and 2 = (Im2)[|(S— — =)~
are bounded on Q%. Then it follows from ([.IT) and the equalities

A d

(5.1)

Imm(2) Imm_(2)
2 + 2
s, = 2HE and () = 2 lE)
that the ratio in (5.2) is also bounded on Q%.

Clearly, this proof works for arbitrary nonnegative coupling A in Theorem

Im 2

Definition 5.2. We say that a pair (m4,m_) of two Nevanlinna functions has
Do.-property (Do-property), if the function
Imm (iy) + Imm_ (iy)
|- (iy) +m—(—iy)|
is bounded on the set (1,00) ((0,1), respectively). In particular, a Nevanlinna
functions m is said to have D-property (Dg-property), if the pair (m4,m4 ) has
Do.-property (Do-property, respectively), that is, if the function

: (5.2)

mm (iy)
Rem. (iy)’
is bounded on the set (1,00) ((0, 1), respectively).
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It follows from Theorem .l that Doo-property (Do-property) is necessary for
the conditions oo & ¢s(A1) (0 & c5(A1), respectively).

Corollary 5.3. ([32], [33]) Let A be a nonnegative partially fundamentally reducible
operator in a Krein space (K,[-,-]|x) and let my and m_ be Weyl functions intro-
duced in Theorem . Then the following statements hold.

(i) If co & c5(A), then the pair (my,m_) has the Do -property.
(ii) If 0 & ¢5s(A), then the pair (my, m_) has the Do-property.

For a nonnegative densely defined symmetric operator S with defect numbers
(1,1) in a Hilbert space we can always choose a boundary triple relative to which
the Weyl function of S is a Stieltjes function. Therefore the following proposition
is of interest.

Proposition 5.4. If my is a Stieltjes function with Do -property (Dg-property),
then for every Stieltjes function m_ the pair (my,m_) has D -property (Do-
property, respectively).

Proof. Since my is a Stieltjes function, we have Remy (iy) > 0 for all y € R.
Therefore,

Re(my4(iy)) < |my (iy) + m—(—iy)| for all yeRy. (5.3)
As my has Do -property there exists C' > 0 such that
I .
M <C for all y>1.
Re m., (iy)

By (&3) we have
Im my (iy) Im my (iy)
|my (iy) +m_(—iy)| ~ Rem(iy)

<C for all y > 1.

Further, the inequality
[Tm (m(iy) — m—(iy))| < |m4(iy) + m—(—iy)| forall ye Ry
yields that for all y > 1 we have

mm_(iy) _ |tm(m_(iy) — m(iy))| Tm o (iy)
|m(iy) +m-(=iy)| = |my(iy) +m-(=iy)|  |mi(iy) +m-(=iy)|
<C+1.
The proof of the Dy-property is similar. O

Asymptotic behavior of Weyl functions has been investigated for many kinds of
special symmetric operators. Some specific example appear in Section [ below. The
next proposition deduces D-properties from the asymptotic behavior of Nevanilinna
functions introduced in Subsection 2.7

Proposition 5.5. (a) If Nevanlinna functions my and m_ belong to A, then
the pair (m4, m—) has Ds-property.
(b) If Nevanlinna functions m4 and m_ belong to Ay, then the pair (my,m_)
has Dg-property.
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Proof. Let ms € As. Proposition ZZI3 applies. Let Ci € R\ {0}, ag € (—1,1),
and, as appropriate, C € R\ {0} and af € (—1,0) be the corresponding coeffi-
cients appearing in (Z27) and (228)). We first notice that as a consequence of the

asymptotics in (Z27) or (Z28) we have

fim M) _ ojed (5.4)
yT+oo y“o
which, in turn, implies
o Imma(iy) +
lim ———— = Cy sin(may /2). (5.5)

yT+oo y*o
Let

max{ozg', aa} if max{ag,ay} >0,
an =
0 min{og,aq } if max{ag,ap} <0.

and, further, set e+ = 1 —sgn(|ag —ai|). By definition e, e_ € {0,1}, and at least
one of €4, e_ equals 1.
Next we will calculate the limit

im Immy (iy) + Imm_ (iy)
y1T+oo |m(iy) + m—_(—iy)| (5:6)

and doing so we prove @). Using (B4) and (&) this limit can be calculated as
follows:

Imm(y) | Imm_(y) e+ Cy sin(mag /2) + e_Cy sin(mag /2)

lim —£° == . - BT
Yoo m;rogéy) + m—y((;oly)‘ ’€+CS_7;QO+ + E—CO_(_i)ao ’ ( )

If exactly one of €, e_ equals 1, then the denominator in the last fraction is clearly
positive. Otherwise, that is, if e = e_ =1, we have aaL = oy and the denominator
is again clearly positive provided that af = oy # 0. If af = ay = 0, the
denominator equals ’CS' +Cy ‘

Thus, the limit in (B0 is calculated to be the right-hand side of () with the
exception of the case when af = a5 =0 and Cf + C;y = 0.

To calculate the limit in (5.6) when af = oy =0 and Cf + C; = 0 we use the
second term of the asymptotics in (Z28). First we deduce

. N Ci
fm TE) ZCF
yT+oo Yo
which clearly yields
I
lim — k) ) = Cli sin(wa?:/Q).

+
yT+oo y*

Similarly as before, we introduce a; = min{a;,a; } and €& = 1 —sgn(|a; —of) €

{0,1}.

Since we assume that Cj” + C; = 0, the limit in (5.6) equals

Imme(y) 4 Imm_() B ey sin(waf/Q) +6 Cr sin(wal_/2)

. a1 a1
lim — . = e T
yt+oo | m4 (iy)—=Cy 4 m_(—iy)—Cy ‘61 Ol 1% + €] Cl (—1)0‘1 ‘

yx1 yo1
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Now recall that at least one of €7, €] equals 1, aj,af € (=1,0) and C;,Cf €
R\ {0}, to deduce that the denominator of the last fraction is always positive.
Thus, in each case we calculated the limit in (56l). This proves that the pair
(m4, m_) has the D-property.
The proof of (b)) is similar. O

5.2. Regularity of the critical points. Let A be a nonnegative partially fun-
damentally reducible operator in a Krein space (IC,[-,-]x). In this subsection we
provide sufficient conditions in terms of m; and m_ for the points co or 0 not to
be singular critical points of the operator A.

In the next lemma we use Theorem to obtain criteria for the regularity of
the critical points 0 and oo for the operator A; defined by (@I4) and @2). To
formulate these results we need the following family of operators. For arbitrary e, n
such that 0 < e < n we define the operator Ty (€,7) : K+ — Ki by

(f: 02 (Fiy)) o ¥+ (£iy)
m (iy) +m_(—iy)

(Tes(en)) fe = / dy, f+ € Ky, (5.8)

e<|y|<n

and the operator Th+(€,7n) : K+ — K+ by

(f5: ¥ (Hiy)) o Y (£iy)
m (iy) +m_(—iy)

(TiﬂF(Ea n))f:F = /

e<|y|<n

dy7 f:F € IC:F' (59)

Lemma 5.6. Let A be a nonnegative partially fundamentally reducible operator in
the Krein space (IC,[-,-]xc). Then the following statements hold.

(i) oo & cs(A) if and only if the operators T4 (1,1n), T—_(1,7n), T+—(1,n) and
T_(1,n) are uniformly bounded for n € (1,00);

(i) 0 & cs(A) if and only if ker(A) = ker(A?) and the operators Ty (g,1),
T__(e,1), T+_(e,1) and T_4(e,1) are uniformly bounded for e € (0,1).

Proof. Notice first that by Corollary L9 the operator A has a nonempty resolvent
set. Set Ag = S @ (—S; ), see Theorem ILI|{f) and @I3). Since Ay is self-adjoint
in the Hilbert space (I, (-, )x), the family of operators

(Ag —iy)'dy,  n>1,
1<]yl<n

is uniformly bounded. Recall from Theorem [ that (z) = ¥4 (2) + Y_(—=2),
z € C\R, and let f € K be arbitrary. By (£I7) we have

/ ((A —iy) " f = (Ao — iy)_lf) dy

1<]y|<n
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Therefore, the uniform boundedness of the family of operators

(Ay —iy)~'dy, n>1,
1<]yl<n

is equivalent to the uniform boundedness of the families of operators T4 (1,7),
T__(1,n), Ty+—(1,n) and T_4(1,n) for n € (1,00). Now (i) follows from Theo-
rem [2.T0l().

The statement ({l) is implied by the formula (£I7) and Theorem 2.T6I([D)). O

Theorem 5.7. Let A be a nonnegative partially fundamentally reducible operator in
a Krein space (IC, [+, ]|x) and assume that Weyl functions m4 and m_ introduced
in Theorem ELT have Boo-property (see Definition [31l). Then oo & cs(A) if and
only if the pair (m4,m_) has Doo-property.

Proof. For the necessity see Corollary 5.3
To prove the sufficiency consider first f;, g+ € K4 and find an upper bound for

‘<T++(1777)f+,9+>,c‘-

By the definition of the generalized Fourier transform F; = F,,,, we have

(Fy f)(iy) (Frgs)(=iy)” d
my(iy) +m_(—iy) Y

(T (L) [y 94 ) = /

1<]y|<n
Since the pair (my,m_) has D.-property, there exists C; > 0 such that
|my (iy) + m_(—iy)| > C; ' Immy (iy) forall y> 1. (5.10)

Set w4 (y) = (Im mi(iy))_l, y € Ry. Since my has Bo-property, then in view of
Definition 3] and Proposition [3.3] the mappings

G ooFr i fr= (Fefo)iy),  fr €Ky,
Gy ooyt [+ = (P fy)(—iy), [+ € Ky,
are bounded from K4 to qu+(1, o0) and hence there exists Co > 0, such that
HGIH>OOF+J[+HL3+(1,OO) = 02||f+||1< (5.11)
and
HG;@+7OOF+J[+HL3+(1,OO) = C2Hf+H/c (5.12)
for all f4 € K4. Using (&10), (&II), (5I2) and (ZI4) we obtain

‘<T++(1=77)f+79+>,c’ <Cy / |(Fy f) i) | | (Fyg4) (—iy) |wy (y)dy

1<ly|<n
1/2

< / |(F £ i) P (9)dy

1<]y|<n
1/2

x / (g2 i) Py () dy
1<]y|<n
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< 201022||f+H;<||9+H1c

for all fi,g4+ € K4. This proves that the family 7'y 1 (1,7) is uniformly bounded
for n € (1, 00).

The proof for the families 7 _(1,7n) and T4 _(1,n) is similar.

Now consider f € K4 and g_ € K_ and give an upper bound for

‘<T7+(6,77)f+,97>,<‘-
Since the function in (52)) is bounded, then the function
VImmy (iy)/Imm_ (iy)
[my (iy) +m—(—iy)|
is bounded as well. Therefore, there exists C's > 0 such that
|m (iy) + m_(—iy)| > Cor/Immy (iy)/Imm_(iy) for all y >1,
Consequently, with .~ = F,,,_, we have

(Fyf4) Giy) (F_g-)(—iy))”

Y for all y>1,

‘<T*+(1777)f+ag*>,<‘ < m+(2y)+m_(_2y) dy
1<]y|<n
<c / (Ey £ )| (Fog) (—i) | s (@) o ) dy
1<|y|<n

< 20203 HGerF"‘f"'Hqu+(l,oo) HGW—F—f—HLgL(Loo)

< 2C2C;3 || f+ || l9-1lc

forall fy € K4 and all g— € K_. This proves that the family T (1,7) is uniformly
bounded for 7 € (1, c0).

The uniform boundedness of T’y _(1,7) is proved similarly. Now the statement
is implied by Lemma O

Theorem 5.8. Let A be a nonnegative partially fundamentally reducible operator in
a Krein space (IC,[-,-]|x) and assume that Weyl functions my and m_ introduced
in Theorem [ have Bo-property. Then 0 & cs(A) if and only if ker(A) = ker(A?)
and the pair (my,m_) has Do-property.

Proof. We prove sufficiency. For necessity see Corollary [5.3]
Since m4 and m_ have Dg-property, there exists Cy > 0 such that

|m(iy) + m—(—iy)| > CaImm. (iy) forall  ye(0,1). (5.13)
Since m4 has By-property, the mappings
GE+,0FI Cfee (P fo)(iy) (f+ e Ky)
G oyt [+ = (Fefo)(=iy) (f+ €K4)
are bounded from K to L7, (0,1) and hence there exists C5 > 0, such that
HG:%+70F+f+HL12u+(0,1) = C5Hf+H1c= (5.14)

‘|G;1+,0F+f+‘|qu+(o,1) < C5Hf+H;c (5.15)



36 BRANKO CURGUS AND VLADIMIR DERKACH

for all f4 € K4. Using (513), (1), (5I5) and ZI4) we obtain
(Tl )90 )| < O / (s 1) ()] | (Fy 9.4) (=) [ (1) dy
e<ly[<1
< Cy ‘|G:1+,0F+f+||L§U+(O,1) ‘|G;1+,0F+9+||Lgu+(071)

< 20405 || £+l llg+
for all f},g9+ € K4. This proves that the family T’y 1 (¢, 1) is uniformly bounded

for e € (0,1).
The proof for the family 7 _(e, 1) is similar. Now the statement is implied by
Lemma 0

Proposition 215 together with Theorems 5.7 and yield the following state-
ment.

Corollary 5.9. Let A be a nonnegative partially fundamentally reducible operator
in a Krein space (IC,[-,-]x) and let my and m_ be Weyl functions introduced in
Theorem A1 If each of the functions my and m_ has both B -property and Byg-
property, then A is fundamentally reducible in the Krein space (K,[-,-|x) if and
only if the pair (my,m_) has Doo-property and Do-property and ker(A) = ker(A2).

Remark 5.10. The coupling A; in [@I4]) will be called reflezive if m(z) = m_(z).
In the reflexive case analogs of Theorems [5.7] and for indefinite Sturm-Liouville
operator were proven in [37]. It was shown there that the B-property for m is
automatically satisfied if the corresponding D-property holds.

This remark leads to the following sufficient conditions of regularity.

Corollary 5.11. Let A be a nonnegative partially fundamentally reducible operator
in a Krein space (IC, [+, -]x) and assume that Weyl functions my and m_ introduced
in Theorem L1 are Stieltjes functions. Then the following statements hold.
(i) If each function my and m_ has Doo-property, then oo & cs(A).
(ii) If each function my and m_ has Do-property and ker(A) = ker(A?), then
0 & cs(A).
(iii) If each of the functions my and m_ has both Do -property and Do-property,
and ker(A) = ker(A?), then A is fundamentally reducible in the Krein space
(K:v [ i ]IC)
Proof. () Since each function m, and m_ has D.-property then also each m, and
m_ has Beo-property (see Remark [10). By Proposition 4] the pair (my,m_)
has D.o-property and hence co ¢ ¢s(A) by Theorem [B.71
(@) Similarly, if each m and m_ has Dy-property then also each m and m_
has By-property (see Remark [B.I0). By Proposition B4l the pair (my,m_) has
Dy-property and thus 0 € ¢s(A) by Theorem .8 O

In the next theorem we use the notation introduced at the beginnings of Sub-
sections [£.I] and

Theorem 5.12. Let Sy be a closed symmetric densely defined nonnegative operator
with defect numbers (1,1) in the Hilbert space (ICi, (-, >’Ci)' Let (C,F(ﬁ):,Fli) be
a boundary triple for ST and let my be the corresponding Weyl function. Let A be
a nonnegative self-adjoint extension of Sy & (—S_) in the Krein space (K,[-,-]x).
Then the following statements hold.
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(a) If my,m_ € A, then co & cs(A).

(b) If my,m_ € Ag and ker(A) = ker(A?), then 0 & cs(A).

(¢) If my,m_ € Ag N Ax and ker(A) = ker(A?), then A is fundamentally
reducible.

Proof. Let A be an arbitrary nonnegative self-adjoint extension of Sy @ (—S_)
in the Krein space (IC, [-,-] ;C). Then A is a nonnegative fundamentally reducible
operator in (K,[-,-]k), so p(A) # 0 by Corollary E9

The operator S = J A is a self-adjoint extension of S @ S_ in the Hilbert space
(K, {-,")x). Assume first that S is a separated extension of S; & S_. By the
definition of a separated extension, there exists a self-adjoint extension Ty of S
in (K4,[+, ]k, ) and a self-adjoint extension T of S_ in (K_,[-,-]x_) such that
S =Ty ®T_. Then, S commutes with the fundamental symmetry J introduced in
(#12). Therefore, A = JS is fundamentally reducible, so all three claims are trivial
in this case.

Next assume that S is a non-separated extension of Sy @ S_. By Theorem
there exist a boundary triple ((C, IA“(')", ff) for S and a boundary triple ((C, fa, fl_)
for S, such that S is a coupling of S, and S_ relative to the triples ((C,far, ff)
and ((C,fa , f‘l_) By Remark there exists a Mdbius transformation g4 such

that the Weyl function m4 of Sy relative to ((C, fat, fli) is given by
Mt = it O M.

We proceed with a proof of [@). Assume that m,m_ € A.. Proposition Z.T2l()
implies that m_,m_ € A, and, in turn, Corollary[B.I0yields that m and m_ have
B.o-property. Since by Proposition BAl@) the pair (m—,m4) has Do-property, the
claim follows from Theorem [5.7

Next assume that my,m_ € Ap. As before, Proposition ZI2|{l) implies that
My, Mm— € As. Now Corollary BIT] yields that m4 and m_ have By-property and
by Proposition BH([B) the pair (m_, M. ) has Do-property. The claim now follows
from Theorem

Statement (@) is a consequence of Corollary 5.9l O

6. EXAMPLES

Example 6.1. Consider the singular differential expression
0(f)(z) = () /@) +a@) (@) foraa zeR,  (61)

where the coefficients p, ¢ and w are real functions on R satisfying the conditions
(C1) 1/p,q,w € L (R) and p,w > 0 a.e. on R,

loc
(C2) the expression £ is in the limit point case at —oco and at +oc.

sgn
w(x)

It is natural to consider the expression in (1)) in the Krein space (L2 (R), [, -]).
Here (L2(R),(-,-)) is the standard weighted L*-space with the positive definite in-
ner product (-, -) and the indefinite inner product is given by [f, g] = (Jf, 9, f,g €
L2 (R) where

(Jf) (@) = (sgnz)f(z),  feLy(R),

is a fundamental symmetry on (L2 (R),[-,-]). Set
Ki={feL)R): f=0 ae on Ry} (6.2)
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Then L2 (R) = K4[+]K_ is the fundamental decomposition corresponding to .J.
Let A be the operator associated with the expression in (6.1)) in the Hilbert space
L2 (R); that is the operator defined by Af = £(f) for all
fedom(A) = {f € LL(R) : f,pf € ACioc(R), £(f) € L%(R)}.
The differential operator A is partially fundamentally reducible in the Krein space
(LZ(R),[-,-]). To see this consider the range restriction Sy of +A to K4 which
are defined on
{f € dom(A): Af € Ky} = Ky Ndom(A).

Then Sy is the minimal operator associated in L, (R+) with the restriction of £¢
to R4; here w4 denotes the restriction of w to Ry. In fact we have,

dOHl(S:T:) = {f € Lf”i (Rﬂ:) : fapf/ € AOIOC[OviOO)a g(f) € Li;i (Rﬂ:)}a

dom(S4) = {f € dom(S%) : f(0) = f'(0) =0},

and

Syf:=+l(f), fe€dom(Sy). (6.3)

Since we assume that ¢ is in the limit point case at doo, the operator Sy is a
densely defined symmetric operator with defect numbers (1, 1) in the Hilbert space

Ly, (Ry).
w
Let z € C\R and denote by J(-, z) and ¢(-, z) the unique solutions of the equation
—(f) +af = zwf
satisfying the boundary conditions
9(0,2) =1, (p¥')(0,2) =0, and ¢(0,2) =0, (p¢')(0,2) =1, respectively.
Since we assume that ¢ is in the limit point case at oo, for each z € C \ R there
is a unique (up to a constant multiple) solution
Yi(t,z) = @(t,z) Fmy(z)0(t, 2), t e Ry, (6.4)
of the restriction of £4(f) = zf to Ry which belongs to L2 , (R ). Relation (G.4) de-
fines the function m4 : C\R — C uniquely. The function my is called Titchmarsh-
Weyl coefficient of the restriction of the expression +¢ to R..
A boundary triple for S7 is (C, rs, l"li), where
Lo/ = @f)0%), Ti(f)=F/(0+), fedom(si). (6.5)
It follows from (Z3)) and (GH]) that the Titchmarsh-Weyl coefficient defined by (6.4)
coincide with the Weyl function of the operator S in (63)) relative to the boundary
triple in ([G3).
Assume additionally, that the coefficients p, ¢ and w satisfy the conditions:
(C3) p>0andp € AC[-b,b] for all b > 0;
(C4) w=1.
The following asymptotic for the Titchmarsh-Weyl coefficient m- has been estab-
lished in [22] (see also [44], where the asymptotic of the spectral function was
found). For all z € C\ R

my(rz) = as r — 400. (6.6)

s o)

It is clear that this asymptotic implies (3.9]).
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By Theorem 0] the coupling A; of S; and S_ relative to the boundary triples
given in ([G3)) coincides with the differential operator A associated with the expres-
sion £ in L2 (R).

In addition, assume that the operator Syt is nonnegative in the Hilbert space
L2, (Ry). Then the Friedrichs extension 525 of Sy defined on

dom(S%) = {f € dom(S%) : f(0) =0}
is also nonnegative in the Hilbert space L2 , (Rx). Since dom(Slf) = ker(I'T), the

function m!. = —1/m is holomorphic on R_ C p(S%) and satisfies
lim ml (z) = —oc0.
z]—o00

By Corollary [£.3] the self-adjoint operator A = A; is nonnegative in the Krein space
(LZ(R),[-,-]) if and only if

ln (!, () + " (2)) < 0. (6.7)

Assuming that A = A4 is nonnegative, (67)) implies that m! (0—), m" (0—) € R.
Therefore, if A; is nonnegative, then ml, m! € Sy, and consequently, m,m_ €
Sam- Now, ([6.6) and Proposition 213 imply that m,m_ € A.

Further, by Corollary B.10] the functions m4 and m_ have Bs-property and by
Proposition 5.4l my and m_ have D, -property. Therefore, by Theorem 5.7 we
have oo ¢ ¢5(A). This result also follows from [I5, Theorem 3.6], which was proved
by completely different methods.

Moreover, Theorem yields that not only A, but an arbitrary nonnega-
tive self-adjoint extension of Sy @ (—S_) in the Krein space (LZ(R),[-,-]) has
a nonempty resolvent set and oo is not its singular critical point.

Example 6.2. Counsider the differential expression (GI) with p = w = 1 and
assume that the potential ¢ satisfies

/(1 +1elg(z)]dz < +oo.
R

Let the operator S1 and the corresponding Titchmarsh-Weyl coefficient m be as
in Example Assume that Sy is a nonnegative operator in the Hilbert space
L?(Ry) and that ([67) holds. Then the coupling A;, which coincides with the
differential operator A associated with the expression (G1)), is a nonnegative self-
adjoint operator in the Krein space (L*(R),[-,-]).

The asymptotic behavior of my at 0 has been established in [34] as follows. It
was shown that either there exists k4 > 0 such that for all z € C\ R we have

my(z) ~ kg —rz as r — 0, (6.8)
or there exist ax > 0 and by € R such that for all z € C\ R we have
a+
by +—1z2

Assumption (6.7) implies that the case (G.8]) is not possible. Thus (9] holds. The
asymptotic in (69) implies that for all z € C\ R we have

ma(rz) — Z—I ~ —Z—Qi:\/—rz as r — 0. (6.10)

as r — 0. (6.9)

my(rz) ~
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Since in Example we proved that my,m_ € Sy, ([6I0) and Proposition
yield m.,m_ € Ay. Recall that in Example[6.I] we proved that m,m_ € A, and
in [34} Proposition 4.3] it was proved that ker(A) = {0}. Now Theorem B.I2limplies
that A is fundamentally reducible. This has been proved in [34] and Theorem (.12
provides an alternative proof of this result. Under a stronger assumption on ¢ the
fundamental reducibility of A was proved in [24] using a different approach.
However, Theorem implies more. Let A be an arbitrary nonnegative self-
adjoint extension of S @ (—S_) in the Krein space (L?(R),[-,-]). As in [34,

Proposition 4.3, it follows that ker(A) = {0}. Since m,m_ € Ag N A, Theo-
rem implies that A is fundamentally reducible.

Example 6.3. Consider the differential expression (6.1) with ¢ = 0 and

{(—x)o‘, it x <0,

(—z)f-, ifz <0,

w(z) =
(=) B+, if x >0,

T, if x >0,

and p(x) = {

with a,a_ > —1 and 4, f- < 1. In this example we use the notation introduced
in Example [611 Tt was proved in [23] that the function my has the form

my(z) =Cy(—2)7"F,

where

1— [+ (2ki)2”il“(1 +vg) ayr — [Br+2
vy = ———————, C:t = 5 ki =

ax — x4 2 (1= AT (1 —va) ;
As in Example the coupling A; of Sy and S_ relative to the boundary triples
((C, Iy, Ff) and ((C, ry, I‘l_) given in (GA]) coincides with the differential operator
associated in L2 (R) with the expression (G.I]) with ¢ = 0 and above p and w.

It follows from Proposition that A; is a nonnegative self-adjoint operator in
the Krein space (Li} (R), [,]) Moreover, since the equation (py’)/ = 0 does not
have nontrivial solutions in L2 (R), we have ker(A4;) = {0}.

As vy € (0,1) we have my,m_ € Ay N Ag. Now, Theorem (EI2] implies that
Aj is fundamentally reducible in the Krein space L2 (R). In the case ay = B+ =0
this result was proved in [16] and for a; = o~ and S4 = 0 in [26].

However, Theorem implies more. Let A be an arbitrary nonnegative self-
adjoint extension of S; & (—S-) in the Krein space (L2 (R),[,-]). Then, clearly,
ker(A) = {0} and Theorem yields that A is fundamentally reducible in the
Krein space (L2,(R),[-,-]).

Example 6.4. In this example we present a nonnegative coupling in a Krein space
which has a singular critical point at 0. This example is modeled after the example
in [B3, Section 5]. It is proved in [33] that for the expression in (@) with p = 1,
q = 0 and w(z) = (3|z] + 1)~*/3 the corresponding Titchmarsh-Weyl coefficients
my and m_ are m, (2) =m_(z) = 1/y/—z —1/z. From this it was deduced in [33]
that 0 is a singular critical point of the associated nonnegative differential operator
in (L2 (R),[-,-]). We think it will be instructive to present a similar example as a
coupling.
First define the Hilbert space K+ = L?(R.) @ C with the inner product

<<fi) : <gi>> = frgh +usvl, fr,9+ € L*(Ry), wug,vy €C.
+ Ry

Ut CES
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In this space we consider the operator Si given by its graph

(51) = {{ (f5n) (E)L: Pecirees } |

It is easy to see that S is densely defined and positive. The graph of its adjoint is

= {{(2). (40} 1o

A boundary triple (C, I, I‘li) for Sy is

+(fe\ _ o +(fe) _ _

i (5) = non op(F) <00 -

The corresponding Weyl solution is
butt = (TREVNT) e
/z

That is,

TEe(,2) =1 and Siy(,2) = 2(z), zeCt.
Therefore the corresponding Weil function is

1 1
— — - ct.
=~ PSS
The graph of the coupling 57 of the symmetric operators S_ and S in the direct

sum Hilbert space

my(z) =

K=K;oKk_=L*R)aC?

is

P\ [\ FewRR e Wi,

ugp || SOF) ] f(0+) = f'(0-),

u-/ \f'(0-) f0=) = f(04) = v+ uy,
By Corollary 3] S is a nonnegative operator in (I, (-, )).

The following indefinite inner product turns the Hilbert space K = L?(R) @ C?

into a Krein space:

f g9
wr | oy | = /(sgnt)f(t)g(t)*dt b uptl —uv?
U_ v_ R

for all f,g € L?(R) and all uy,u_,v,,v_ € C. The direct sum K =K, & K_ is a
corresponding fundamental decomposition of (K, [-,-]).
The graph of the coupling A; of the operators S_ and Sy is

F@N [~ (sgnt) f7(t) feW»(R_)© W22(Ry)
uy |, f(0+) : 11(0+) = f/(0-), . (6.11)
u— —f'(0-) f0=) = f(0+) = u— +uy,

It follows from (G.1)) that ker(A;) = ker(A?) and ker(A;) is spanned by (0 1 —1)".

Since the pair of Weyl functions m4 (z) = m_(z) = 1/y/—z — 1/z does not have
Dy-property, it follows from Corollary 53] that 0 is a singular critical point for Aj.
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Example 6.5. Consider the following boundary value problem: For g € L*(Ry)
find f € L?(R.) such that

—f"=zf=g, [(0)=V2Vzf(0)=0. (6.12)
In this example we will show that a linearization of this boundary value problem
in the Krein space (L*(R),[-,-]) is fundamentally reducible.
Here the Krein space (L?(R),[-,-]) is the L? space introduced in Example
with w = 1. We also use the fundamental decomposition L?(R) = K [+]K_ with
K4 and K_ from (E2)).

Let S4 be the minimal operator associated with the differential expression —;—;
in the Hilbert space K and let ((C, ry, I‘f) be the boundary triple for Sy given by

T fe = f+(0), T fe=fi(0).

The Weyl function of Sy relative to this boundary triple is m4 (z) = —y/—2z.
Let S_ be the differential operator in the Hilbert space (IC,, —[-,- ]) defined on

dom(S_) = { - € W'(R_) : £_(0) = £1.(0) = £(0) = 0}
by S_f_ = f£4). Then the adjoint operator S* is defined on
dom(S*) = {f- e W**(R_) : f_(0)=0}
by the same expression S* f_ = f£4). With

Lo fo=f200), Tifo=—f2(0), f- €dom(S7),

the triple ((C, ry, I‘f) is a boundary triple for S*. The corresponding Titchmarsh-
Weyl coefficient m_ is

m_(z) = —V2V=2.

By Theorem .7 the coupling A; of the operators S; and S_ in the graph notation
takes the form

Ay = {{(f+> (— +)} fr € WHA(RY), f1(0) = f.(0) =0 }
f) N\ ) e WRARL), £1(0) - £2(0) = £-(0) =0
and the compressed resolvent Py (A; —z)~![xc, of A; gives a solution of the bound-
ary value problem (GI2]) by the formula

f=Pi(A—2)""g.
The operator A; is called a linearization of the boundary value problem (G.12]).
By Corollary [4] the operator A; is nonnegative. Since clearly ker(A4;) = {0}

and the functions m4 and m_ belong As N Ap, Theorem yields that the
linearization A; of (612) is fundamentally reducible.
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