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Abstract. We consider the indefinite Sturm—Liouville differential expres-

sion
1/1.,\
a(f) == “w (;f) )

where a is defined on a finite or infinite open interval I with 0 € I
and the coefficients r and w are locally summable and such that r(x)
and (sgnz)w(x) are positive a.e. on I. With the differential expression
a we associate a nonnegative self-adjoint operator A in the Krein space
L2 (I) which is viewed as a coupling of symmetric operators in Hilbert
spaces related to the intersections of I with the positive and the nega-
tive semi-axis. For the operator A we derive conditions in terms of the
coefficients w and r for the existence of a Riesz basis consisting of gen-
eralized eigenfunctions of A and for the similarity of A to a self-adjoint
operator in a Hilbert space wal(l ). These results are obtained as con-
sequences of abstract results about the regularity of critical points of
nonnegative self-adjoint operators in Krein spaces which are couplings
of two symmetric operators acting in Hilbert spaces.
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1. Introduction

Let I = (b_,bs) be a finite or infinite interval such that —oco < b_ < 0 <
by < 4o00. We consider the indefinite Sturm-Liouville differential expression
a on [ that is given in polar form

(af)(z) = _w(lx) % <r(1x)jxf(x)> , (1.1)

where the coefficients r and w are real functions on I satisfying the conditions

row € L (I) and r(z), (sgnaz)w(xz) >0 foraa. zecl. (1.2)

With the differential expression a we associate a closed linear operator

A in the weighted Hilbert space L‘le(I ). The operator A is not self-adjoint

in L?

w]

which coincides with L
inner product

(I) but it is self-adjoint and nonnegative in the Krein space L2 (I)

2

|w|(I ) as a normed vector space and has indefinite

[F. gl = /I f(@)g@w(z)dz,

see [27] for a similar setting.

We are interested in the following two properties of the differential op-

erator A:

(Ri) Riesz basis property, that is, the existence of a Riesz basis of the Hilbert
space wa‘(l ) which consists of eigenfunctions and generalized eigen-
functions of A;

(Si) Similarity of A to a self-adjoint operator in the Hilbert space wa‘(I),
that is, the existence of a bounded and boundedly invertible operator
T such that T-1 AT is self-adjoint in the Hilbert space L? ().

w]
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Our results will be formulated in terms of the functions
Welo)i= [ we(@dt, Ralw)= [ ra©ds o€l (13)
0 0

where I_ = (b_,0), I, = (0,by), w_ is the restriction of —w onto I_, wy is
the restriction of w onto I, and ry is the restriction of r onto I.

The first result of this kind was given by Beals in [6], where the Riesz
basis property was proved for the constant function » = 1 and for a weight w
which behaves as a power at 0, see Example 4.13. This result was generalized
to ordinary differential equations of higher order by Curgus and Langer [17,
21], and to partial differential equations by Pyatkov [81], Curgus and Najman
[22]. The first proof of the existence of a weight w, with r = 1, for which A
does not have the Riesz basis property was given by Volkmer in [94] by using
Baire category arguments. Explicit examples of such a weight were found by
Fleige, [40], and Abasheeva, Pyatkov [1]. A full characterization of the Riesz
basis property for the operator A was given by Parfenov [77] in the case when
wis odd and r = 1. Using Pyatkov’s approach via interpolation spaces [80,81],
Parfenov proved that the Riesz basis property for the operator A holds if
and only if the function W, is positively increasing at 0. Recall, see [15,
Definition 3.26], that a nondecreasing positive function ¢ is called positively
increasing at 04 if there exists A € (0,1) such that limsup, o (¢(Az)/¢(z)) <
1; 4 is positively increasing at 0_ if x — —1ip(—x) is positively increasing at
0.

In [69] Kostenko used a different method to characterize the properties
(Si) and (Ri) for differential operator A with odd w and even r. In particular,
it was shown in [69] that the Riesz basis property for the operator A holds if
and only if the function W, o Rjrl is positively increasing at 0.

One of the main results of this paper is the following theorem in which
we give a sufficient condition for the Riesz basis property, in the spirit of
Parfenov’s and Kostenko’s results, but without the assumptions that w is
odd and r is even. We also give a new kind of characterization of the Riesz
basis property when Wi o R;l are slowly varying functions. Recall that
a measurable positive function ¢ is said to be slowly varying at 04 if for
all A > 0 we have lim,|o(p(Ax)/¢(z)) = 1; ¥ is slowly varying at 0_ if
x +— —p(—x) is slowly varying at 0, for more about slowly varying functions
see Appendix A.

Theorem A. Let the differential expression a satisfy (1.2) and let Wy and Ry
be the functions defined in (1.3). Assume that the spectrum of the operator
A associated with the differential expression a in the Hilbert space wa‘(I) 1s
discrete. Then the eigenvalues of A accumulate on both sides of oo and the

following two statements hold.

(a) If either W oR__ir1 is positively increasing at 04 or W_oRZ" is positively
increasing at 0_, then the operator A has the Riesz basis property (Ri).
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(b) If Wy o R_T_l is slowly varying at 04 and W_ o R™* is slowly varying at
0_, then the Riesz basis property (Ri) is equivalent to the condition

Wo(RZ =)\

The main tool that we use in this paper is Langer’s spectral theory of
definitizable operators in Krein spaces, see [71]. Our differential operator A
is a nonnegative self-adjoint operator with a nonempty resolvent set in the
Krein space L2 (I). This is a special kind of a definitizable operator that
admits a spectral function F which behaves similarly to the spectral function
of a self-adjoint operator in a Hilbert space with a possible exception at its
critical points which are contained in the set {0, 00}, for details see Sect. 2.
A critical point is called regular if F is bounded in a neighbourhood of that
point. Otherwise, a critical point is called singular. By ¢,.(A) we denote the
set of regular critical points of A and by ¢s(A) the set of singular critical
points of A.

In the case of discrete spectrum of the differential operator A, the Riesz
basis property of A is equivalent to the regularity of the critical point oo, see
[21, Proposition 4.1]. This fact and the paper of Beals [6] were motivation for
[10,11,20,21,23,39,41,68,94] to study definitizability and the regularity of
the critical point infinity for differential operators; see also a detailed survey
by Fleige [42].

The regularity of both critical points of A is equivalent to A being similar
to a self-adjoint operator in a Hilbert space. This fact was used by Curgus
and Najman in [22] to prove that the operator associated with (1.1) where
w(z) = sgn(x), r = 1 and I = R is similar to a self-adjoint operator in the
Hilbert space L?(R). This result was reproved and generalized by Krein space
and other methods by several authors, see [24,25,38,43,57,59,60,62,69].

We use the resolvent criterion of Veseli¢ [93], [3], to study regularity of
critical points of the operator A in terms of the Weyl functions my and m_
of some symmetric operators generated by a on intervals I, and I_. It was
shown in [59] that the so-called Do.-property (resp. Do-property)

max{Imm. (iy), Imm_(iy)}
[+ Gg) + o (—i9)

is necessary for co ¢ c¢s(A) (resp. 0 & ¢s(A)). In the case when w is odd and
r is even the functions m4 and m_ coincide. In this case, conditions (1.5)
can be rewritten as

=0(1) as y— 4oo (resp.y [ 0) (1.5)

Immy (iy) = O(Remy(iy)) as y— +oo (resp.y | 0) (1.6)

and are proved in [69] to be equivalent both to the similarity property (Si)
and to the validity of the Hardy, Everitt, Littlewood and Polya (HELP)
inequality, see [37]. Moreover, in the general case it was proved in [70] that
the D.-property together with the Dy-property is equivalent to the validity
of the so-called Volkmer inequality [94], an indefinite analog of the HELP
inequality.
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As another main result of our paper, in Theorem 3.10 we prove that
the Doo-property is necessary and sufficient for co & ¢s(A) provided that the
Weyl functions m, and m_ satisfy the assumption:

For some yo >0 Remy(iy) Rem_(iy) >0 forall y>wyo. (1.7)

The equivalence in Theorem A(b) is obtained by combining the character-
ization of the regularity of the critical point oo for the operator A from
Theorem 3.10 with the Atkinson-Bennewitz asymptotic formula for the Weyl
functions my (iy) and m_ (iy) proved in [4] and [9] and presented in Theo-
rem 4.6.

The questions of similarity of a differential operator to a self-adjoint
operator and the existence of a Riesz basis consisting of its eigenfunctions
arise in problems of numerical computation of eigenvalues. For example, in
[48, Subsection 4.1.2] the authors study the differential expression (1.1) with
w(z) = 2%, r = 1 and I = [~1,1]. To construct an efficient and accurate
eigensolver for the associated differential operator it was important that the
operator is similar to a self-adjoint operator and that its eigenfunctions form
a Riesz basis of the Hilbert space wal [-1,1].

This paper is organized as follows. In Sects. 2 and 3 we establish con-
ditions for the regularity of the critical points 0 and oo for a nonnegative
self-adjoint operator A with a nonempty resolvent set in an abstract Krein
space K. We use a boundary triple approach to extension theory developed in
[31,45,66]. We construct A as a coupling of two abstract symmetric operators
Ay =Bj and A_ = —B_, where B and B_ are nonnegative symmetric op-
erators with defect numbers (1, 1) acting in Hilbert spaces H. and H_ which
form a fundamental decomposition for IC. When boundary triples ((C, Iy, Ff)
and (C, Iy, I‘f) for the operators B and B_ are fixed the coupling A of the
operators Ay and A_ relative to these boundary triples is uniquely defined
as a self-adjoint operator acting in the Krein space I with the fundamental
decomposition K = H, [+]H_, see Theorem 3.1.

The origins of the coupling method are twofold. On one side, it is an
abstract version of an idea used by H. Weyl [95], called Dirichlet-Neumann
decoupling by B. Simon in [88]. On the other side, it is a generalization
of .M. Glazman’s decomposition method [44]. The coupling method was re-
cently extended to self-adjoint operators in Hilbert spaces in [30]. In the Krein
space setting, it was used in [18,34,58] to study the problem of the similarity
of differential operators with indefinite weights to self-adjoint operators in
Hilbert spaces.

In Theorems 3.10 and 3.11 we prove that the D.-property is suffi-
cient for 0o & ¢4(A) under the assumption (1.7) and that the Dg-property
is sufficient for 0 ¢ ¢s(A) provided that (1.7) is true for all 0 < y < yo. In
Theorem 3.13 we prove that under the assumption (1.7) the one-sided con-
dition (1.6) at 4oo is sufficient for co & ¢s(A). In Theorem 3.14 we prove
analogous results for 0 € c5(A). These results are the key stones in the proof
of Theorem A (and Theorem B below) and are of independent interest for
the coupling of two nonnegative operators in Krein spaces.
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In Sect.4, the abstract results from Sect.3 are adapted to indefinite
Sturm-Liouville operators. Let H~ be the weighted spaces Hx := L2, (I+)
and let B+ be nonnegative symmetric operators generated in Hy by the
differential expressions

I

bi(f) = b (1f’> on I.. (1.8)

W4 \ T+

Using the above scheme we represent the operator A as a coupling of two
symmetric operators Ay := By and A_ := —B_. Conditions for regularity
of critical points 0 and oo of the differential operator are formulated in terms
of the functions (1.3). We use the results of Bennewitz [9] and Kostenko [69]
to reformulate one-sided sufficient conditions for regularity of critical points
oo or 0 from Theorem 3.13 in terms of the functions W, and R . Specifically,
in Theorem 4.12, we show that if either W+OR_T_1 is positively increasing at 0
or W_ o R™" is positively increasing at 0_, then oo is a regular critical point
for the operator A associated with indefinite differential expression (1.1). In
Theorem 4.16 we prove that in the case of slowly varying functions W o R;l
the condition oo € ¢,(A) is equivalent to the condition (1.4) in Theorem A.

To show the strength of our results, in Example 4.21 we present an
indefinite Sturm—Liouville operator A with a non-odd weight for which The-
orem 4.16 guarantees that oo is a regular critical point, but other known
criteria for regularity such as Volkmer’s condition from [94], Fleige’s condi-
tion from [20], Parfenov’s condition [78] cannot be applied.

In Theorem 4.27 we give a list of sufficient conditions under which we
have 0 ¢ ¢s(A) for the differential operator A. In particular, it is shown that
in the case when wy € L'(I}) and w_ € L'(I_) the following equivalence
holds

0¢Zcs(A) and kerA=kerA*> & Wi(by)+W_(b_)#0. (1.9)

The proof of this theorem is based on abstract results from Theorems 3.11
and 3.14 and asymptotic formulas for the Weyl functions of the operators B
and B_ from Lemmas 4.10 and 4.11.

In Theorem 4.34 we combine the regularity results for the points 0 and
0o to obtain new results about similarity of the operator A to a self-adjoint
operator in a Hilbert space. In the particular case when wy € L'(I,) and
w_ € L*(I_) these results take the following form

Theorem B. Let the differential expression a satisfy (1.2) and let Wy, Ry
be the functions defined in (1.3). Assume that wy € LY(I), w_ € L*(I.)
and one of the equivalent conditions in (1.9)is satisfied. Then the following
statements hold.
(i) If either W oR__ir1 is positively increasing at 04 or W_oRZ" is positively
increasing at 0_, then (Si) holds for A.
(ii) If W4 o R:Ll is slowly varying at 04 and W_ o R=" is slowly varying at
0_, then similarity property (Si) for A is equivalent to condition (1.4).

In Sect.4 we systematically use results from Karamata theory about
positively increasing and slowly varying functions which are presented and
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developed for our purposes in Appendix A. In particular, it is shown that
the condition for the function W o R;l to be slowly varying is equivalent to
Atkinson-Bennewitz condition (4.19), see Corollary A.7.

1.1. Notation

By C we denote the set of complex numbers and by R the set of real num-
bers. By C; (resp. C_) we denote the set of all z € C with positive (resp.
negative) imaginary part. Similarly, Ry (resp. R_) stands for the set of all
positive (resp. negative) reals. For z € C, Z, Re z and Im z denote the complex
conjugate, real and imaginary part of z.

All operators in this paper are closed densely defined linear operators.
For such an operator T, we use the common notation p(T"), dom(T"), ran(T)
and ker(7T) for the resolvent set, the domain, the range and the null-space,
respectively, of T'.

We use the asymptotic notation little-o, big-O and ~ defined at o0 as
follows: f(z) = o(g(z)) as @ — 4oc if and only if lim, . f(z)/g(z) = 0;
f(@) = O(g(z)) as @ — +oo if and only if there exist M,a € R, such
that |f(x)] < M|g(z)| for all z > a; f(x) ~ g(z) as © — 4oo if and only
if limg— 400 f(2)/g(x) = 1. Similar notation is used in the right and left
neighborhood of 0 with analogous definitions. By f = g we mean f(z) = g(x)
for all z in the common domain of f and g.

2. Preliminaries

2.1. Definitizable Operators in Krein Spaces

A Krein space (IC, [~,~];¢) is a complex vector space K with a sesquilin-
ear form [-,-]x such that there exist subspaces Hy and H_ of K with
(H4,[+,-]k) and (H_,—[-,-]x) being Hilbert spaces and K = H,[+]H_

is a direct and orthogonal sum; this direct orthogonal sum is called a fun-
damental decomposition of a Krein space K. Let P, and P_ be projections
associated with the direct sum K = H,+H_. The operator J := P, — P_ is
called a fundamental symmetry of a Krein space. The space K with the inner
product (z,y)xc = [Jz,y]x, x,y € K, is a Hilbert space. All topological no-
tions in a Krein space refer to the topology of the Hilbert space (IC, (- >;g)
For the general theory of Krein spaces and operators acting in them we refer
to the monographs [5,13]. For a subspace £L C K denote by k(L) (resp.
k—(L)) the least upper bound of the dimensions of positive (resp. negative)
subspaces of L.

Let A be a linear operator in a Krein space (IC, [,- ];C) with a dense
domain dom A. The adjoint of A with respect to the inner product [-, |k
is denoted by Al*l. The operator A is called symmetric in (IC, [, ];C) if Al
is an extension of A and A is called self-adjoint in (IC, [- ,~];C) if A=A,
The operator A is called nonnegative in (K,[-,-]c) if [Af, flc > 0 for all
f € dom A.

A self-adjoint operator A in (K, [-,-]x) is called definitizable if its resol-
vent set p(A) is nonempty and there exists a real polynomial p such that p(A)
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is nonnegative in (IC, [-,-] ;C), see [71]. Such polynomial p is called definitizing
polynomial of A. The non-real spectrum of a definitizable operator consists
of a finite set of points symmetric with respect to R. A real number A € o(A)
is said to be a critical point of A if p(A) = 0 for every definitizing polynomial
p of A. Similarly, oo is a critical point of A, if at least one of its definitizing
polynomials p is of odd degree and the real spectrum of A is neither bounded
from below, nor bounded from above. The set of critical points of A is denoted
by ¢(A). In particular, a self-adjoint nonnegative operator A in (IC, [-, ]IC)
with nonempty resolvent set p(A) is definitizable with definitizing polynomial
p(A) = A. Tts only possible critical points are 0 and co.

A definitizable operator A admits a spectral function E, see [71, Theo-
rem I11.3.1], defined on the semiring R generated by all intervals whose end-
points are not critical points of A with E(A) being self-adjoint projection in
(IQ [-,- ];g) for every A € R. Moreover,

(E(A)K,[-,-]x) is a Hilbert space whenever A C {t € R : p(t) > 0}.
(2.1)

It follows from the properties of the spectral function FE, see [71], that the
restriction of A to its spectral subspace F(A)K in (2.1) is a self-adjoint
operator in the Hilbert space (E(A)K,[-,-]c). A similar statement holds
for intervals in {t € R : p(t) < 0}. However, if one of the endpoints of the
interval approaches a critical point, it may happen that the norms of the
corresponding spectral projections are unbounded. More precisely, a point
a € ¢(A) is called a regular critical point of A, if there exists a neighbourhood
G of « such that

the set of projections {E(A): A€ R, AcC G\{a}} isbounded.

The set of all regular critical points of A is denoted by ¢,.(A). A critical point
of A which is not regular is called singular critical point of A. The set of all
singular critical points of A is denoted by ¢,(A). It is often difficult to decide
whether a critical point is singular or regular. A widely used characterization
for oo & ¢s(A) is from K. Veselié¢ [93], see also [3], [50, Corollaries 1.5 and 1.6].
Due to the Uniform Boundedness Principle it can be reformulated as follows.

Theorem 2.1. Let A be a definitizable operator in a Krein space (IC,[-,-]x)
and o € R. Then:
(a) oo & cs(A) if and only if there exists ng > 0 such that for every f € K
n
/ Re[(A —iy) ™" f, fledy=0(Q1) as n— +oo. (2.2)

0
(b) a & cs(A) and ker(A — a) = ker((A — «)?) if and only if there exists
1o > 0 such that for every f € K

/Tio Re[(A—a—iy)~'f, f},cdy =0(1) as nlo0. (2.3)

Let us consider a nonnegative operator A in a Krein space (IC, [-,-] ;C).
Then, as mentioned above, the only possible critical points are 0 and oo.
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Assume that (2.2) holds. Then, by the proof of [49, Lemma 1], this implies
that the set of projections E((1,n)) and E((—n,—1)), n € N, is bounded,
which in turn implies co & ¢s(A). Moreover, it is easy to see that the space
(I — E([-1,1]))K with the new inner product

(fy @new = nh_)rréo[(E(l,n) — E(—n, —1))f, g]

is a Hilbert space and that the restriction of A to (I — E([—1,1]))K is self-
adjoint in the corresponding Hilbert space. A similar reasoning using (2.3)
holds for the point zero. This implies the following well-known statement
(see, e.g. [T1]).

Theorem 2.2. A nonnegative operator A in a Krein space has similarity prop-
erty (Si) if and only if p(A) # 0, ker(A) = ker(A?) and 0,00 & cs(A).

2.2. Boundary Triples and Weyl Functions of Symmetric Operators

In this subsection S is a closed densely defined symmetric operator in a Krein
space (IC, [,- ];C) Let p(S) denote the set of points of regular type of S, see
[2], and let 91, denote the defect subspace of the operator S

M, :=ran(S — 7)1, 2 e p5(9).

The numbers ny (S) := dim(91,) are constant for all z € p(S) N Cy and are
called defect numbers of S.

In what follows we assume that the operator S admits a self-adjoint
extension S in (K, [, ]x) with a nonempty resolvent set p(S). Then for all

z € p(S) we have
dom(SM) = dom(S) + M, direct sum in  H. (2.4)

This implies, in particular, that the dimension dim(,) is constant for all

z € p(S) and hence ny (S) = n_(S). Moreover, we assume everywhere in this
paper that ny(S) = 1. Notice that the equality n,(S) = n_(S) does not
imply the existence of a self-adjoint extension S of S, see [86].

Definition 2.3. Let Ty and I'; be linear mappings from dom(S™*!) to C such
that

(i) the mapping I': f — <£0§> from dom(S™) to C? is surjective;
1

(ii) the abstract Green’s identity
[sY1.9],c = [1:8g] c = C1H)(Tog) — (Tof)(T19) (2:5)

holds for all f, g € dom(SM).

Then the triple ((C, Lo, Fl) is called a boundary triple for SU]| see [28,31,45]
for much more general setting.

It follows from (2.5) that the extensions Sp, Sy of S defined as restric-
tions of Sl to the domains dom(Sp) := ker(Ty) and dom(S;) := ker(T;) are
self-adjoint extensions of S.
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Given a self-adjoint extension S of S with p(S) # 0 one can always
choose a boundary triple ((C, Ty, Fl) for S such that Sy = §, see [29, Propo-
sition 2.2]. In this case for every z € p(Sp) the decomposition (2.4) holds with
S = S, and the mapping Tolm, : M. — C is invertible for every z € p(Sp). A
vector-valued function z — 7(z) defined on p(Sy) with values in N, is called
the ~-field of S, associated with the boundary triple ((C7 I, I‘l) if

Toy(z) =1 forall z € p(Sy).
Notice, that v satisfies the equality, see [29, Proposition 2.2],

v(2) = (So — 20)(So — 2) "v(20), 2, 20 € p(So) (2.6)

and hence the vector-valued function ~y is holomorphic on p(Sp).
Definition 2.4. The function z — M (z) defined by the equality

M(Z)Fofz = Flfza fz €N, z¢€ P(SO)’

is called the abstract Weyl function of S, corresponding to the boundary
triple ((C,I‘O,I‘l).

The notion of the abstract Weyl function was introduced in [31] for a
Hilbert space symmetric operator and in [28] for a Krein space symmetric
operator.

Clearly, M (z) = I'17y(z) for z € p(Sp), and hence M (z) is well defined.
It follows from (2.5) and (2.6) that the Weyl function M satisfies the identity

M(z) = M(w) = (z =) [v(2), v(w)lk, 2w € p(So). (2.7)

With w = Z the identity (2.7) yields that the Weyl function M satisfies the
symmetry condition

M(Z) = M(2), zé€ p(So). (2.8)

In the case when (H, (- >H) is a Hilbert space we will use the notation
B for a closed densely defined symmetric operator in the Hilbert space H
with defect numbers (1,1). Let ((C, To, Fl) be a boundary triple for B™*). We
will use the notations m and g for the abstract Weyl function and for the
~-field of B corresponding to the boundary triple ((C, T, Fl). It follows from
(2.7) and (2.8) that m is a Nevanlinna function, see [54], i.e. m is holomorphic
at least on C\ R and satisfies the following two conditions

m(Z) =m(z) and Imm(z)>0, zeCy.

Since the operator B is densely defined the following two conditions hold (see
[32, Theorem 7.36])
. 1 . . .
y#linooy m(iy) =0, lelinoo yImm(iy) = +oo. (2.9)
Assume that the operators B and its self-adjoint extension By with
the domain dom By = kerI'y are nonnegative. Then the Weyl function m
is holomorphic on R_. A Nevanlinna function m with the above property
which, in addition, takes nonnegative values for all z € R_ is called a Stieltjes
function. The class of all Stieltjes functions is denoted by S.
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A Stieltjes function m admits the integral representation, [54],
T do(t
m(z) =a —|—/ do(t) (2.10)
0 t—z
with ¢ > 0 and with a non-decreasing left-continuous function o (¢), such that

+oo do(t)
0 1+t

converges. The following statement is immediate from (2.10).

Proposition 2.5. Let m € S and assume that the support of do has a nonempty
intersection with Ry. Then Rem(iy) > 0 for ally € R.

2.3. Real Operators

Recall the notions of real operator and real vector valued function with re-
spect to some conjugation, see [35, Section II1.5] and [31,66].

Definition 2.6. An involution jx on a Krein space (IC, [-,-];C) is called a
conjugation on K if
U f icdle =9, flx forall f,gek. (2.11)

A closed operator T in a Krein space I is called real, if
jedom(T) =dom(T) and jxT =Tjk.
Every conjugation is an anti-linear operator, see [89, Section IX.2], i.e.
Jc(Af + 1g) = N f + Tjcg forall f,ge K, A\, peC.

If T is real and densely defined then its adjoint 7 is also real in K.
A vector f in K is called real with respect to the conjugation ji, if
Jjicf = f. An arbitrary vector f € IC can be decomposed into the sum

f= 4 if!, where f7 = %(f +jxcf) and fT = %(f — jcf) are real,
(2.12)

Let j be the standard conjugation in C, jz = Z for all z € C. A scalar
function z — m(z) is called real, if its domain is symmetric with respect to
R and m(Z) = m(z) for all z in the domain of m. Similarly, a vector valued
function z — 7(z) with the values in K is called real if its domain is symmetric

with respect to R and

V(z) = jx(2) (2.13)

for all z in the domain.

Let a symmetric operator S be real in K with the conjugation jr. A
boundary triple (C,To,T) for SM is called real, if

jFO = Foj)c and jF1 = FleC-

Every real symmetric operator S admits a real boundary triple ((C,FO,I‘ 1)
and the corresponding Weyl function M and the ~-field v are real, see [66]
for the case of a Hilbert space K.
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3. Regularity of Critical Points of Couplings in Krein Spaces

3.1. Couplings of Symmetric Operators in Krein Spaces
In this section we consider two Krein spaces (K, [+, ], ) and (K_, [, ]c_).
Let their direct sum

K=K, [HK-

be endowed with the natural inner product

[+ + fog94 +9-lk = [+ 9+)cs + - 9-]k_, [+.9+ € K+. (3.1)
Consider two closed symmetric densely defined operators A, and A_ with de-
fect numbers (1, 1) acting in the Krein spaces (K4, [, ]k, ) and (K_,[-,-]x_).

Let ((C, th, I‘li) be a boundary triple for A[i*]. Let M4 and 4, be the corre-
sponding Weyl function and the 7-field. By A4 o we denote the self-adjoint
extension of A4 which is defined on

dom(Ay ) =ker(TT) by A= A[i*] |ker(P§)'

Then the functions My are defined and holomorphic on p(A4 o). Assume
that

p(Ay0) Np(A_o) # 0. (3.2)

The following theorem is an indefinite version of results from [30, Propo-
sition 4.3] which is, in this form, presented in [18, Theorem 4.7] and [34].

Theorem 3.1. Let Ay be closed symmetric densely defined operator with de-
fect numbers (1,1) in the Krein space (Ki,[-,-];gi), Let ((C,I‘OiJf‘li) be
boundary triples for A[;] which satisfy (3.2). Let My and ya, be the Weyl
functions and the y-fields of Ay corresponding to the boundary triples
((C,I‘S—L,Fli), and let S and A be the restrictions of A[:] [—l—]A[j} to the do-

mains

(7 Lo (f4) =Ty (f-) =0, 5
dom(s) = { (1) e K p{) T () 2o, £ edom(al) . 09
Jr _ —
o) = { () < 1) T o, oS eom i} 0

Then the following statements hold:

(a) The operator S is symmetric with defect numbers (1,1) and A is a self-
adjoint extension of S in (IC, [,- ];c)

(b) The adjoint S™ of S in (K,[-,]x) is the restriction of A[:] [Jr]A[_*] to
the domain

dom(sM) = {(jﬁ*) TS (f4) =Tg (f2), fe € dom(Ai‘])}
and a boundary triple (C,FO,Fl) for St is given by

Dof =Tgfr, Tif=T{fi+T7f, f= (ﬁ) € dom(SM). (3.5
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(¢) The corresponding Weyl function and the v-field of S are

M(z) = M (z) + M_(2), ~(z)= @f 8) , zeC\R.  (3.6)
(d) Ifz € p(Ay0)Np(A_ ) then z € p(A) if and only if My (2)+M_(z) # 0.
(e) The resolvent of the operator A is given by

1

(A=z2)"'f=(Ag—2)""f

_m7(2)7 z € p(A)Np(do),  (3.7)

where Ag = A4 o[+]A— o and f € K.

Definition 3.2. The operator A defined in Theorem 3.1(a) is called the cou-
pling of the operators Ay and A_ in the Krein space (IC, [- ,~];C) relative to
the triples (C,I',T'T) and (C,Ty,Ty) and Ag = A o[+]A_ ¢ is called the
decoupled operator.

The following statement was proved in [69, Lemma 5.4]. For the reader’s
convenience, we present a proof based on Theorem 3.1.

Lemma 3.3. Let (H, (-, )1) be a Hilbert space with a conjugation jp, let B
be a closed densely defined real symmetric operator in H with defect numbers
(1,1), let (C,Fo,Fl) be a real boundary triple for B*), let m and g be the
corresponding Weyl function and the ~-field for B and define

h(z) = (h,vB(2)),, h€M, z€C\R. (3.8)
Then the following inequality holds for all real h € H:
> |Imﬁ(iy)2| 2
————dy < 27||h||3,. 3.9
| sty < 2l (39)

Proof. Let K, and K_ be two copies of the Hilbert space H and let us set
A, := B and A_ := —B. Notice that ((C7F07F1) is a boundary triple for

AE:], ((C,I‘O, —I‘l) is a boundary triple for AT and the corresponding Weyl
functions M, M_ and the ~-fields v4, and y4_ take the form

Mi(z) =m(z), M_(2) = —m(=2), 7a,(2) =78(2), va_(2) =78(=2).

Let A be the coupling of Ay and A_ acting in the Hilbert space K =
Ki®K_ =H®H, let Ay = By ® (—Byp) be the decoupled operator as
defined in Definition 3.2, By being the restriction of B*) to ker I'y and let us
denote by (-, )k the scalar product in K = K, & K_ = H @& H. Applying
Theorem 3.1 to the operators A, and A_, setting f = h & 0 with h € H
n (3.7) we obtain

h(iy)h(—iy)

—iy) = —iy) - :



2 Page 14 of 58 B. Curgus, V. Derkach and C. Trunk IEOT

Since A and Aq are self-adjoint operators in the Hilbert space K = H & H,
an application of the functional calculus yields

/O [Re((A —iy) ™' f, f)c|dy < %IIfH;Z@ (3.11)
/0 [Re((4o — iy) £, £) | dy < S II% (3.12)

for all f € K. Since the boundary triple (C, I, I‘l) is real, yp is real as well.
If, in addition, h is real, then
grh=h, juysliy) =vp(—iy) forall yeRy
and, by (3.8) and Definition 2.6, we have
h(—iy) = (y5(iy), )y, = Grhs e (19)) 5, = (b 1B (—iy)),, = h(iy).
(3.13)

By (3.10), (3.11), (3.12) and (3.13),

/ > h(iy)®
0

m(iy) —m(—iy)
Using the equality m(iy) — m(—iy) = 2iIm m(iy), for all real h € H we get
/°O |Im h(iy)?| dy = /°° h(iy)?
o 2Tmm(iy) 0 m(iy) —m(=iy)
This proves (3.9). O

In the following lemma we apply Theorem 3.1 to two real symmetric op-
erators B4 and B_ acting in Hilbert spaces H4 and H_ and obtain estimates
for a family of weighted L?-norms of “generalized Fourier transforms”

Fe(z) = {f,v8:(2))y,, fe€He, 2€C\R (3.14)
Lemma 3.4. Let Hy be Hilbert spaces with conjugations ju, , let By be closed
densely defined real symmetric operators in Hy with defect numbers (1,1),

let (C, Foi,l"li) be real boundary triples for B<i*>, and let my+ and yp, be the
corresponding Weyl functions and the ~y-fields for By. Then the following
inequalities hold for all real fy € Hy:

oo Re (m (iy) + m_(iy))
.2 |[helmy (1Y Y
/ ’fi(ly)‘ ‘ ; T2 ‘d
[ms (iy) +m-(iy)|
Proof. 1. In this step we prove that for all real f1 € H4 we have

1o . .

/ Re(Fa(i)?)| |Re(m+.(2y) +m7.(ly2))| dy <3rlfslZ.. (3.16)
0 [mi (iy) +m-(iy)|

Applying Theorem 3.1 to the operators A, := B} and A_ := B_ in Hilbert

spaces Ky = Hy, K_ :=H_ and taking f = f1 & f_, f+ € H., one obtains

the equality

Re dy <« fl3; = l|hll3.

Re dy < 7||h|[3.-

y <5mllfelf,.  (3.15)

(F+(iy) + = (i) (F(—iy) + f-(—iy))
m (iy) +m—(iy)

(A—iy) " f, £y =((Ao —iy) " f, f) —
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where A is the coupling of A} and A_ defined by (3.4), Ap is the decoupled
operator, as defined in Definition 3.2. Since A and Aq are self-adjoint opera-
tors in the Hilbert space H := H4 @ H_ one obtains from (3.11), (3.12) and
(3.13) for all real fy € Hy

ool (Faliy) + T (iy)” )
/o e ma (iy) + m_(iy) dy < 7| f[3- (3.17)
Set
us(iy) == Remy(iy), vi(iy) = Immy(iy), (3.18)

U(iy) := Re((Ff4 (iy) + f-(iy))?),  V(iy) == Tm((f} (iy) + [~ (iy))?).
Then inequality (3.17) can be rewritten as
/ oo U (iy) (uy (iy) +u_(iy)) + V (iy) (v4 (iy) + v_(iy))]|
0 [ (iy) + m-(iy)|”
In particular, setting subsequently f_ =0 or fi = 0, one obtains
/+oo ’Re(fi (iy)?) (w (iy) + u—(iy)) + Im(Fi (i)?) (01 (iy) + v-(iy)) ‘
0

m (i) +m_(iy)|”

dy < 7| I3,

dy
<nlfeld,.  (319)
By (3.9), for every real fi € Hy we have
/*“ [Im (Fe (iy)?) (v4. (i) + v (i)
0 | (i) +m_(iy)|*

o [ (fe(iy)?) |
S/O Ty WS2l3(3.20)

dy

and thus (3.19) and (3.20) imply

+oo N ; ;
| ety | 2 B gy <

Imy.(iy) +m—(iy)]
for every real fy € Hy, which proves (3.16).
2. To prove (3.15) we notice that from
lut (iy) +u-(iy)l _
Im-(iy) +m—(iy)| ~

and (3.9) we obtain
+o0 . . +oo ()2
o (i) fu (i) I (7 (i)?)|
/0 i (7 ()] |m (iy) +m_(iy)|2 V= /0 [m4-(iy) + m—(iy)|
Hoe ’Im(fi(iy)Q)’
S/O Immy (iy)
for all real fi € Hi. Now (3.15) follows from (3.16) and (3.21). O

dy < 27| f+ 13, . (3.21)
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Remark 3.5. (a) It follows from (3.13) that inequalities (3.9) in Lemma 3.3
and (3.15) in Lemma 3.4 remain in force when we substitute f (iy) by
f+(—iy) for all real fo € Hy:

/+°° (i (=i)?)|
0

dy < 2| fel3.

Imm (iy)

too 2 [Re(m4 (7 m_ (1
[ Rt Bl @My

0 [y (iy) +m_(iy)|

(b) Notice that the statement of Lemma 3.3 is essentially contained in [69]
for the case when A is a coupling of Sturm—Liouville operators. The
result of Lemma 3.4 is new and in the symmetric case, when my =m_,
implies the statement of Corollary 5.6 in [69].

3.2. Veseli¢ Condition and Coupling
In the rest of this section we make the following general assumptions:
(A1) ('Hi, (- >Hi) are Hilbert spaces with conjugations jy, and the Krein

spaces (K4, [+, ], ) are defined by
]C+:H+a ['7']/C+:<'a'>7'(+a K_=H_, ['7']/C_:7<’7'>H_-
(A2) (K,[-,]k) is a Krein space with the fundamental decomposition K =

K+ [+]K_ and the inner product (3.1).
(A3) By are real closed nonnegative symmetric densely defined operators
with defect numbers (1,1) in the Hilbert spaces (Hx, (-, )2 ) and let
A, and A_ be symmetric operators in the Krein spaces K and K_,
respectively:
A+ = B+, A_ = *B_.

(A4) (C, rs, Fli) are real boundary triples for BY and my and vB, are the
corresponding Weyl functions and the -fields.

(A5) A is the coupling of the operators Ay and A_ in the Krein space
(IC, [-, };g) relative to the triples ((C, I‘(J{,I‘f) and (QFS,I‘;).
By B+ o we denote the self-adjoint extension of B+ which is defined on

dom(Bz o) = ker(TF) by Big=BY|

ker(T'E)"

Clearly, ((C,I%, F%) are also boundary triples for A[i*]. The Weyl functions
My and the v-fields v4, of the operators A4 corresponding to ((C, I‘(jf, I‘li)
are connected with the Weyl functions m4 and the ~-fields vyp, of the oper-
ators By by the equalities

Ma(2) = ma(d2), 74, (2) = 784 (£2), = € p(Beo).
In the next lemma we reformulate the Veseli¢ condition from Theo-

rem 2.1 for the coupling A of two nonnegative operators as defined in Defi-
nition 3.2, cf. [34] and [18].

Lemma 3.6. Let conditions (A1) through (A5) be satisfied and o € R. Then
the following statements hold.
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(i) The coupling A is definitizable and oo € ¢(A).
(il) oo € ¢-(A) if and only if there exists ng > 0 such that for all real
freHs

[ (F(iy) + J-(~iy))”
o m4 (Zy) + m_(—zy)

(iii) o & cs(A) and ker(A — o) = ker(A — «)? if and only if there is g > 0
such that for all real fy € Ha

dy=0(1) as n— +oo. (3.22)

dy=0(1) as n|0. (3.23)

["re (Fi(o +iy) + T (a ~ iy))*
" my (o +iy) +m—(o —iy)

Proof. (i) Let us show that p(A) # ) for the operator A from Theorem 3.1.
Assume p(A) = 0. Then, by Theorem 3.1(d)

my(z) +m_(—2z) =0 forall ze€ p(Ayo)Np(A_y). (3.24)

Since By is nonnegative, its self-adjoint extension B4 o = £A4 o has at most
one isolated negative eigenvalue. Hence m4 has at most one pole a4+ in R_.
Now, equality (3.24) implies that m has at most one pole —a_ in R and
possibly a pole at 0. Therefore,

o_ o o
mi(z) = — = 4 2y
—a_—2z —z a4y —z

for some a_,ay < 0, 0g,0_,04 > 0. Since B is densely defined, see (A3),
the last displayed formula contradicts (2.9).

The operator Ag = B4 o @ (—B_ ) is definitizable, and co € ¢(4p) as,
by assumptions, By o are unbounded. Since the resolvent (A —z)~! of A is a
one-dimensional perturbation of the resolvent (Ag—z)~!, see (3.7), the claim
(i) follows from [51, Theorem 1].

(ii) Applying Theorem 3.1 to the operators AL = £By in the inner
product spaces (K4, [, ]xy) = (Hx,£(-, ). ) one obtains the equality

[£:7@)]  [r(2)s

m(2) + m(—z)

—1 —1
[(A=2) fifle = [(Ao=2) Sl - )
where Ay = By o @ (—B_)), z € p(A) N p(Ap). Since Ay is a self-adjoint
operator in H, Theorem 2.1 and (3.12) imply that the condition co & c¢s(A)
is equivalent to

" e [f,v(=iw)] [V (i), f]

o my (iy) +m—(—iy)

Kdy=0(1), n— +oo forall fecKk.

(3.25)

Decompose f € K into its “real” and “imaginary” part, f = f% +if!, where
ff and fI are real, see (2.12). Since the vector valued functions g, (2) are
real, it follows from (2.11) and (2.13) that

[’Y(Zy)a fRLC = [va V(_Zy)])cv [’Y(Zy)a fI];C = [fjv 7(_7’y)};c
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and hence (see also analogous identity in [69, Proof of Theorem 4.5])
fv(=ig)] c [v@), fle = PR+ if oy (=iy)] (i), £7+if ']
12 12
= [fRa ’Y(*Zy)};(: + [flf}/(*ly)]jc
Therefore, 0o & ¢5(A) if and only if (3.25) hold for all real f € K. Since
[Fov(=i)] e = (v, (=),
—(f- 8- (iy)),, = Friy) — F-(—iy),  (3.26)
condition (3.25) takes the form
> W2
/’7 Re U+(1y) = J-(=iy))
no M (iy) +m_(=iy)
which reduces to (3.22) when we substitute f_ with —f_.
(iii) By Theorem 2.1 and (3.12), we have that the conjunction a & c4(A)
and ker(A — a) = ker(A — «)? is equivalent to
/ " pe Lh@z )l [yt iy), /]
7 mo (o +iy) + m—(a — iy)

dy=0(1) as n— +oo,

Kdy=0(1) as n] 0 forall fek.

(3.27)

The reasoning in the proof of item (ii) shows that the preceding equivalence
is preserved if f in (3.27) is restricted to be real, which in view of (3.26)
yields (3.23). O

3.3. D-Properties and Conditions for Regularity

In Sect. 4 we study the indefinite Sturm-Liouville expression (1.1). Operators
associated with this expression are non-negative in a Krein space. The only
critical points of such operators are 0 and co. Therefore, in the rest of the
paper we study the regularity of these two points.

Definition 3.7. A pair of Nevanlinna functions m, and m_ is said to have
the Doo-property (resp. Do-property) if

max{Im my (iy), Imm_ (zy)}
\my (iy) + m_(—iy)|

=0(1) as y— +oo (resp.y|0).
(3.28)

Lemma 3.8. Assume that a pair my and m_ has the Do, -property (resp.
Dy-property). Then

my (iy) +m-(iy)
If, in addition, there exists yo > 0 such that

me (iy) + m_(iy) O(1) as y—+4oo (resp. yl0).  (3.29)

Remy(iy)Rem_(iy) >0 forall y>yo (resp. 0<y<uyp),
(3.30)
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then

as y— +oo (resp. yl0). (3.31)

m (1y) + m—(iy)

Proof. Assume that the pair m, and m_ has the D.,-property. To prove
(3.29) we use the notation uy (iy) and vy (4y) introduced in (3.18). With this
notation we have

| (i) + m(iy)|* = (u(iy) +u_(iy))* + (v (iy) +v_(iy))*
and
|uy (i) + u_(iy)|
[m-(iy) +m—(iy)|
By the D,-property
[mey (iy) +m(iy)]
Hence (3.29) holds.

To prove (3.31), assume further that there exists yo > 0 such that (3.30)
holds for all y > yo. Then (3.30) yields

<1 forall y>0.

as Yy — +00.

| Remny (iy)| | Re m (iy)|
Im (iy) + m_(iy)|  [Remy(iy) + Rem_(iy)]
which, together with (3.28), imply (3.31).

To prove the claims involving the Dy-property we notice that if the
pair m4(z) and m_(z) has the Dy-property, then the pair m,(—1/z) and
m_(—1/z) has the D, -property and we apply already proven statements to
the functions m,(—1/z) and m_(—1/z). O

<1 forall y>yo,

Remark 3.9. As was shown in [59] the D.-property (Dg-property, respec-
tively) is necessary for the condition oo & cs(A) (0 & ¢s(A), respectively). A
weaker form of condition (3.28) for the Sturm-Liouville operator (1.1) with
w(zx) = sgnz, and r = 1 was presented in [61].

In the next theorem we show that the D, -property becomes also suffi-
cient for oo & c4(A) if it is supplemented by the assumption (3.30).

Theorem 3.10. Let conditions (A1) through (A5) be satisfied and assume that
there exists yo > 0 such that

Remy (iy) Rem_(iy) >0 for all y > yo. (3.32)
Then the coupling A is definitizable in the Krein space (K,[-,-]x), oo € ¢(A)
and

o €c.(A) & the pair my and m_ has the Dy -property.

Proof. The definitizability of A and the fact that co € ¢(A) follow from item
(i) in Lemma 3.6. The necessity of the condition that the pair my and m_
has the Do.-property for co ¢ ¢s(A) was proved in [59].
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To prove sufficiency, assume that the pair my and m_ has the D.-
property. We use Lemma 3.6(ii) to prove co € ¢,(A). The integral in (3.22)
can be rewritten as the sum I (f4, f—) + Ia(f+, f—) of two integrals

T ue(iy) fu(iy) o F
Lt f-) = - s Re((fy(iy) + f-(—i %) dy,
ol /’70 im (iy) +m_(iy)| o((f+() (=iy))*) dy

o Il |
L(fe, f ) = v (y) =0 (Y) 1P+ (i) dy,
oFer f) meAmwmn@mﬁ ((F (i) + T (—iy))?) dy

where we use the notation introduced in (3.18).

We will prove that both of these integrals are bounded as n — +o00. By
Lemma 3.8, there exist y;,C7 > 0 such that
my (iy) +m-(iy)
my (iy) +m—(iy)
It follows from (3.33) and (3.15) that for all > ny > y; we have

<y forall y>uy. (3.33)

" ‘er (iy) +m_(iy)

T~ 2 |ur(iy) +u_(iy
<03 [ futiy) LTIy srcripee,
o [my (iy) +m_(iy)|

This proves that

[ (f, £ < 20mCF (Lf4 15, + /=17 (3.34)

for all real fi € Hy and for all n > ny > yi.
It follows from (3.31) that there exist yo, Co > 0 such that

m (iy) —m_(iy)
my (iy) + m—(iy)
The preceding inequality yields that for all real f4 € Hy and for all n > 79 >
y2 we have

n . . ~ R
o) < 63 [ L= (7 G+ (i) )
w0 [me (iy) — m_ ()|
, 7 [m((Fe (i) + F- (~i)?)]
=6 /no Im (m (iy) —m_(iy))
where for the second inequality we used that

<(Cy forall y>ys.

dy, (3.35)

[ (i) — m— ()] = v (iy) +v—(iy) = [vs.(ig) —v_(iy)| for all y > 0.
Next we prove the inequality
/Mm«ﬁ@m+fewWH
o Im(my (iy) —m_(iy))
for all real fi € Hy and for all n > ny > yo.

We will prove the inequality in (3.36) by applying (3.9) in Lemma 3.3
to the setting introduced in Theorem 3.1. To distinguish the mathematical

dy < 27 (| f+ 17, +II7-117)  (3.36)
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objects in conditions (A1) through (A5) which we consider in this proof,
from those in Theorem 3.1, we place tilde above mathematical objects in
Theorem 3.1.

In Theorem 3.1 we set

(lzi,['a'];’ei) = (He, (-, )n.) and Ap:=+By.
Then ((C7 FS‘ , Ff) is a boundary triple for Zk_k] with the corresponding Weyl
function and the v-field given by
z—my(z) and zw— g, (2), z€C\R.
The triple ((C, ry, —1";) is a boundary triple for /T[j] with the corresponding
Weyl function and the v-field given by
z—-—m_(—z) and z—yp_(—z), z€C\R.

The operator S defined in Theorem 3.1 in the Krein space (E, [-,- ]/E) is
a real densely defined symmetric operator with defect numbers (1,1). How-
ever, in this case the Krein space (IC, [- ,],5) is the Hilbert space which is
the direct sum of the Hilbert spaces (H4., (-, ), ) and (H_, (-, )»_); that

is K = H, & H_. It follows from (3.5) that a real boundary triple for S*! is
the boundary triple (C, I, Fl) given by

Cof =Tify, Dif=THfe—T7f, f-= (jﬁj) € dom(5").

By (3.6), the corresponding Weyl function and the 7-field are given by

M(2) = my(2) —m_(—2) and F(z) = (%BY(_ZQQ . zeC\R.
For f = (}c) € K = H, ® H_ its “generalized Fourier transform” is
fly) = [1.3(=iy)] ¢
= <f+7 VB4 (_iy)>H+ + <f*77B_ (Zy)>7—(7
= Filiy) + [~ (—iy).

By applying (3.9) in Lemma 3.3 to the real symmetric operator S acting

in the Hilbert space (K,[-,]z) we obtain

> |Im f(iy)?| )
/0 o < 2nl 1 (3.37)

With the formulas from the preceding paragraph, (3.37) is exactly (3.36).
The inequalities in (3.35) and (3.36) yield

\L(fi, f2)] < 2nC3 (I1F+ 30, + /- 13) (3.38)

for all real f1 € Hy and for all > 1y > yo. From (3.34) and (3.38) it follows
that (3.22) holds. Hence Lemma 3.6(ii) implies oo € ¢,(A). O
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In the next theorem we give a criterion for 0 ¢ ¢;(A) formulated in
terms of the Dy-property.

Theorem 3.11. Let conditions (A1) through (A5) be satisfied and assume that
there exists yo > 0 such that the Weyl functions my and m_ satisfy the
condition

Remy (iy) Rem_(iy) >0 forall 0<y < yo.
Then
0¢&cy(A) and ker A=ker A> <& the pair m, and m_ has the Do-property.
Proof. The necessity of the Dy-property for 0 & ¢s(A) was proved in [59].

To prove the sufficiency we will employ Lemma 3.6 and decompose the
integral in (3.22) into a sum I (f4, f—) + Io(f+, f—) of two integrals

Iﬂﬁmﬂ):/% ue () ¥ ) - peo(Foliy) + F(—i))?)dy,
n o may(iy) + m_(iy)|”

_ [ iy —o i) | m e
MhJJ—L W+M+mumg(umw+ﬂ<wn@

The estimates for I;(f4, f—) and I2(f4, f-) for every fi € Hi similar to

those in (3.34) and (3.38) follow in the same way as in the proof of Theo-
rem 3.10. O

Remark 3.12. Notice that the condition (3.32) is not necessary for the non-

negativity of the coupling A. For example, let B4+ be minimal operators
generated by the differential expression —% in L?(Ry), let di € Ry be

such that dy 4+ d_ > 0, and let boundary triples (C,T'5,I'F) for B<i*> be
given by

g fr = f400), T fy = —fr(0)+difi(0), fy € dom(BLY),
o f-=f.(0), Tyf =f(0)+d f.(0), f€dom(B).

Then the operator A defined by (3.4) as the restriction of —(sgn x)% to the
domain

_ (*) (%) f1.(0) = f2.(0)
dom(A)—{fEdom(B+)@dom(B) F(0) = f. ():cf_"_(O)}’
where ¢ = d_ + d; > 0, is nonnegative in the Krein space (LZ(R),[-,]w),

where w(x) = sgnx,x € R. Indeed, for f = f; & f_ € dom A we obtain
A //_ nee_ d_ d / 0 2 /2 0.
asshe=- [ 27 [ = aniror s [107

The Weyl functions m4 of the operators By corresponding to the boundary
triples (C, I‘g, Fli) have the form

my(z) = - +dy, m_(z2)= - +d_, dy eRy

vz vz
and hence there exists yo > 0 such that Rem (iy) Rem_(iy) < 0 for all
Yy > Yo-
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The operator A above belongs to the family of operators studied in [63].
It follows from [63, Theorem 2| that A is similar to a self-adjoint operator
in the Hilbert space L?(R). This fact also follows from Theorem 3.10 if we
choose positive d_ and dy such that c =d_ +d..

3.4. One-Sided Sufficient Conditions for Regularity

In the next theorem we give a one-sided condition which is sufficient for

oo € cs(A).
Theorem 3.13. Let conditions (A1) through (A5) be satisfied and assume that:

(i) there exists yo > 0 such that (3.32) holds;
(ii) either Imm (iy) = O(Rem(iy)) or Imm_(iy) = O(Rem_(iy)) as
Yy — +o0.
Then the coupling A of the operators Ay and A_ is definitizable in the Krein
space (IC,[-,-];C), o0 € ¢(A) and
o0 € ¢r(A).

Proof. The definitizability of A and co € ¢(A) follow from Lemma 3.6(i).
Assume Immy (iy) = O(Rem (iy)) as y — +oo. We show that the pair
m4, m_ has the Dy-property. It follows from (i) that

Im m., (iy) Im m., (iy)

for all y > yo.

m(iy) + m—(iy)

~ [Rem (iy)]
Since Im m (iy) = O(Rem (iy)) as y — +o0, there exists C' > 0 such that

w1 (iy)
m (1y) + m—(iy)
Next, if Imm_ (iy) > 2Immy (iy), then

< C forall y>yo. (3.39)

[t (ig) ~ T (ig)| > [omm_(iy)| ~ o m (iy)| > 2 [Tmm_ (i),
and hence
Imm_ (iy)
me (iy) +m_(iy)
Now, if Imm_ (iy) < 2Immy (iy), then

<2 forall y>yp.

Im m_% Im m—s—%
my (iy) + m_(iy) m(iy) + m—(iy)

Thus, the pair my, m_ has the Dy -property, and the statement of Theo-
rem 3.13 follows from Theorem 3.10. O

<2C forall y > yp.

In the next theorem we formulate a one-sided condition which is suffi-
cient for 0 & c5(A).

Theorem 3.14. Let conditions (A1) through (A5) be satisfied and assume that:
(i) there exist yo > 0 such that (3.30) holds;
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(ii) either Immy (iy) = O(Remy (iy)) or Imm_(iy) = O(Rem_(iy)) as
y 0.

Then the coupling A of the operators Ay and A_ is definitizable in the Krein
space (K,[-,]x), 0 & cs(A) and ker A = ker A%

Proof. Let us assume that Imm4 (iy) = O(Remy(iy)) as y | 0. Then in
view of (i) and (ii) the inequality (3.39) holds for 0 < y < yo and, hence,
Immy (iy) = O(my(iy) + m_(iy)) as y | 0.

The proof of the relation Imm_(iy) = O(m4 (iy) + m_(iy)) as y | 0
is similar to that in Theorem 3.13. Therefore, the pair m,, m_ has the Dg-

property, and the statement of Theorem 3.14 follows from
Theorem 3.11. O

4. Sturm-Liouville Operator with Indefinite Weight

4.1. Indefinite Sturm-Liouville Operator as a Coupling

Let I = (b_,by) be a finite or infinite interval such that —co < b_ < 0 <
by < 400 and let a be the differential expression (1.1) subject to the as-
sumptions (1.2). In this section we study a nonnegative self-adjoint operator
A associated with a in the Krein space (L% (), [+, ]s). In the definition of
A given in (4.13) we use nonnegative symmetric operators By generated by
the differential expressions b in the Hilbert spaces L2, (=) with the inner
products

<f7g>wi: , f(m)g(w)w:t(.%’)dl'

Let By max be the maximal differential operator generated in L2 L(Ix) by
the differential expression by (see (1.8)), with the domain

dom (By max) = {f € L2, (It) : f, f € AC1oc(I1), bo(f) € L2, (I+)},

where fl(z) :=r(x) "' f'(z), 2 € I. Let Bx min(= (Bx max)'*) be the mini-
mal differential operator generated by by in L2, (I+).

Let z € C\ R and denote by s4(-,2) and c4(+, z) the solutions on Iy of
the equation

b+ (f) =2/, (4.1)
satisfying the boundary conditions
c+(0,2) =1, c[iu(O,z) =0 and s4+(0,2)=0, s[iu(O,z) =1.

If b+ is in the limit point case at by then neither si(-,2) nor c4(-, 2)
belongs to L7, (I+), however there exists a coefficient m(z) such that the
solution

Ya(t,z) = s (t,2)Fma(z)ex(t,z), tely, (4.2)
of the equation (4.1) belongs to L7, (I+).
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In the limit point case the operator B4 := B4 iy is a symmetric oper-
ator in L, (I+) with defect numbers (1,1) and with the domain

dom(By) = {f € dom(By max) : £(0) = f1(0) = 0}. (4.3)

In the limit circle case, by [55, Section 10.7], for every f € dom (B4 max)
the following one-sided limit exists

f[l](bi) =  lim Ti(af)_lf/(m)-
z—byrF0

Let m4(z) be a coefficient such that the solution 94 (z,z) in (4.2) satisfies
the condition

w[il](bi, z)=0 forall zeC\R. (4.4)

Clearly, m(z) is calculated as m4 () = sl (b1, 2)/cM(bs, 2). In the limit
circle case the operator By i is a symmetric operator in L%Ui (I+) with
defect numbers (2,2) and we define its symmetric extension By with defect
numbers (1, 1) as the restriction of by to the domain

dom(By) = {f € dom(Bu max) : £(0) = fI(0) = fM(by) = 0}. (4.5)

()

The adjoint operator B’ is the restriction of b1 to the domain

dom(B{") = { f € dom (B max) : [N (b+) = 0}.

In the following definition (see [69]) the notion of Neumann m-function
is introduced both for the limit point case and the limit circle case.
Definition 4.1. The function m for which the solution 4 (x, z) in (4.2) sat-
isfies the condition

[il](bi, z) =0 if by is in the limit circle case at by (4.6)
Y1 (,2z) € L2, (I3) if by is in the limit point case at b '
is called the Neumann m-function of by on I+ subject to (4.6).

The following proposition collects some facts from [32] about boundary

triples for the operator B$>.

Proposition 4.2. Assume that by satisfies (1.2), let B+ be defined as in (4.3)
or in (4.5), respectively, (depending on limit point or limit circle case) and
let my be the Neumann m-function of by on Iy, subject to (4.6). Then:

(a) B is a symmetric nonnegative operator in the Hilbert space L2, (I+)
with defect numbers (1,1).
(b) The triple (C,F%,Fli), where

TEfe = f10), TEfe=7f:(0), fedom(BY), (4.7)

s a real boundary triple for Bf>.
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(¢c) The Weyl function of the operator B+ corresponding to the boundary
triple ((C, Foi, Fli) coincides with the Neumann m-function m, that is

0,z
mi(z):x%, 2€C\R (4.8)
w:l: (07 z)
If by is in the limit circle case at by, then, in addition to (4.8), the
following formula holds

)
e (by, 2)
(d) The Weyl function m+ of By belongs to the Stieltjes class S and satisfies

the condition lim,_,_ oo m4 (z) = 0. In particular,
Rem+(iy) >0 forall y>0.
Proof. Since
z—l}brfxof[l] ()f(x) =0 forall fc dom(B$>)

both in the limit point case [56, Corollary, p. 199], and in the limit circle case
[36, Lemma 2.1] the following formula holds

/ b (fi)frwedr = +£8(0) 14 (0) +/ i|f;|2dx, f1 € dom(B{Y).
It T+

I+

(4.10)

By (1.2) and Definition 2.3 this proves statements (a) and (b), see also [32,
Proposition 9.51, Theorem 9.69).
The statement (c) is implied by Definition 2.4 and the equalities

TEpL(2) =92 0,2) =1, TFys(,2) = F¢2(0,2) =my(z) z€C\R.
The formula (4.9) follows from (4.4) and the equality
0=y (be, 2) = s (b, 2)Fms(2)cf (by, 2) 2 € C\R.
The extension By ¢ of By defined by
Biof =By f, fedom(Byg) i=kerTF (4.11)

is the von Neumann extension of By. Hence By g > 0, see also (4.10), and
thus the function my is holomorphic on R_. Moreover, as it follows from [55,
Theorem 3.1], see also [33, Proposition 3.6],

lim mg(z)=0
r——00
and hence my € S. This proves (d). O

With the differential expression a we associate the following operator A
in the Krein (L2/(1),[-, ]w):

dom(A) = {f € dom(B{") ® dom(B™) : f,r71 f' € ACie(I)} (4.12)

and

Af =a(f),  fedom(A). (4.13)
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Lemma 4.3. For every A\ € R the subspace ker(A — XI) is at most one-
dimensional.

Proof. Let A\ € R. If by is limit circle at b4, then, by Weyl’s alternative, the
equation by (f) = £Af has two linearly independent solutions ¢4 (x, +\) and
s+(x,£N) in L2 (I+). Since the Wronskian of these solutions is not zero, it
is not possible that both of these solutions satisfy f! (b£) = 0. Therefore,
ker(Bi*>:F)\I ) is one-dimensional.

If by is limit point at by, then, by Weyl’s alternative, the equation
bi(f) = =£Af has at most one solution in L2 (/). Consequently,

ker(Bi* ESV ) is at most one-dimensional.

By the uniqueness theorem for linear initial value problems, the only so-
lution of the problem by (f) = £\ f, f+(0) = j[tl] (0) = 0 is the zero function.
Therefore, the subspace

ker(A—X)=< f=frDf_:

is also at most one-dimensional. O

Theorem 4.4. Let the differential expression b satisfy (1.2) and let my be
the Neumann m-function of by subject to (4.6) on I.. Then the operator A
associated with the expression a is the coupling of the operators Ay := B, and
A_ := —B_ in the sense of Theorem 3.1. The operator A is a nonnegative
self-adjoint operator in the Krein space (L2/(I),[-,"]w) with p(A) # 0 and
oo € ¢(A). We have

(i) oo € ¢.(A) & the pair myand m_ has the Do, -property.
(ii) 0 & cs(A) and ker A = ker A?
& the pair my and m_ has the Dg-property.

(iii) Immy (iy) = O(Remy(iy)) asy — +o00 = o0 € ¢, (A).
(iv) Imm_(iy) = O(Rem_(iy)) asy — +00 = o0 € ¢, (A).
(v) Imm (iy) = O(Rem(iy)) asy | 0 = 0 ¢& cs(A) and ker A = ker A%
(vi) Imm_(iy) = O(Rem_(iy)) asy | 0 = 0 ¢ cs(A) and ker A = ker A2

Proof. The boundary triples ((C, F(ﬂf, I‘I—L) from Proposition 4.2 are also bound-

ary triples for A[i*]. The coupling of the operators Ay in Theorem 3.1 is
characterized by the conditions

TE(fr) ~To(f2) =0, Tf(f4)+T7(f2) =0, fi€dom(B{)

which in view of (4.7) can be rewritten as

A0y = M),  £i(0)=f-(0), f € dom(BY). (4.14)

Therefore, the differential operator A associated with the expression a is
the coupling of the operators Ay := +B. relative to the boundary triples
(C,TF,TT). It follows from (4.10) and (4.14) that for f = f4 + f_ € dom 4,
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f+ € dom(Bik>), we have
[Af fl = (BE fis fi), +(BY o fo),
= AOF - S OF@ + [ L1 Pae= [ 117 Par o

Hence the operator A is nonnegative.
The Weyl function My of the operator AL corresponding to (C, I‘(jf, I‘li)
and the Weyl function m4 of the operator B satisfy

My(z) = my(£2), z€ C\R.

Since my,m_ € S, by Proposition 2.5, we have Re(m (iy) + m_(—iy)) > 0
for all y € R, . Consequently, Theorem 3.1(d) yields p(A) # (). Therefore the
operator A is definitizable and oo € ¢(A), see Lemma 3.6. As m,m_ € S,
the assumptions of Theorems 3.10, 3.11, 3.13, and 3.14 are satisfied and, thus,
the remaining claims follow. 0

Remark 4.5. In the limit circle case Bennewitz, see [9], considered a more
general class of Neumann m-functions than introduced in Definition 4.1. We
restate Bennewitz’s definition here.

Denote the Wronskian of two functions f, g € dom (B4 max) by

We(f,g9) = f(t)gM () — M (t)g(t), te I
The one-sided limit

W (f,9) == lim_(f(t)g™M(t) — f(t)g(t))

z—b4 F0

exists for all f, g € dom (B4 max). Furthermore, according to Titchmarsh [92]
(see also [32, Theorem 9.69], every symmetric boundary condition at by for
arbitrary f € dom (B4 max) can be written as

Wy, (f, (cos@)s+ (-, 20) + (sina)es (-, 20)) =0

for some « € (—7/2,7/2] and some z; € C\R.
If m4(2) is a coefficient for which the solution ¥4 (¢, z) in (4.2) satisfies
the condition

Wi, (¢4 (-, 2), (cos a)s4 (+, z0) + (sina)es (-, 29)) =0, 2z € C\R,
(4.15)

for some o € (—7/2,7/2], then my is called the Neumann m-function of b
on I.. Clearly, m4(z) can be expressed as

(cos a)Wo_ (s1(+, 2), 51+, 20)) + (sin )Wy, (54 (-, 2), cx (-, 20))
(cos )Wp_ (¢t (+,2), 5+ (-, 20)) + (sina)Wp_ (cx (-, 2), e+ (- 20))

for all z € C\ R. Since all the symmetric boundary conditions at by are
included in the boundary condition (4.15), the boundary condition (4.4) is
included as well. Therefore, the class of Neumann m-functions introduced in
this remark contains the Neumann m-functions introduced in Definition 4.1.

my(z) =

)
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4.2. Asymptotic Properties of m-Functions

V.A. Marcenko [72] (for Sturm-Liouville operator —j—;—&—q), and I.S. Kac [53]
and Y. Kasahara [65] (for weighted Sturm-Liuoville operator) showed that
the asymptotic behaviour of the Weyl function m along the imaginary axes
at 400 is closely related to the behaviour of the coefficients of the differential
expression at 0. In this section we present some results in this direction from
[8,9] and their recent developments in [69].

Recall the definition (1.3) of functions W4 and Ry:

Wy (x) = /Of wy(§)d, Ry(x):= /036 re(8)ds, xely, (4.16)

where W, and R, are positive and increasing on Iy, while W_ and R_ are
negative and increasing functions on I_. Define the function Fy : R4 (I i) —
R as follows

Fyi(z):= m, z€RL(Is). (4.17)
Here
R_(I_)=(c-,0), Ry(Iy)=(0,c4) with —o0<c_<0<ecq <+o00.
(4.18)

The function Fy is decreasing and unbounded, and F_ is an unbounded
increasing function. Denote by fi the inverse of F.. Notice that both f_
and f are defined in a neighbourhood of 400, the function f is positive
and decreasing, the function f_ is negative and increasing, and
lim f (r)=0 and lim fi(z)=0.
r——+00 r——+00

The following result was proved by F. Atkinson [4], see also Bennewitz
[9, Theorem 3.4] for an improved version which we use here. The concept
of the Neumann m-function of by on I is used in the sense defined in
Remark 4.5. For the concept of a slowly varying function at 0+ we refer to
Definition A.1 in Appendix A.

Theorem 4.6. Let Wy and Ry be the functions defined in (4.16), let fi be
the inverse of the function defined in (4.17) and let my be the Neumann
m-function of by on I.. If W4 o R;l is a slowly varying function at 04,
then

my(iy) ~ £ifL(y) as y — +oc.

Proof. Assume that W, o R;l is a slowly varying function at 0. By Corol-
lary A.7, this condition is equivalent to

/OxRi(g)dWi(g):o(Ri(x)Wi(az)) as |z] L0 with o€ Is.
(4.19)

The claim about the function m4 was proved in [9, Theorem 3.4]. We use this
result to prove the claim about m_. Set wy(z) = w_(—x), 74 (z) = r_(—x),
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z € I := (0,—b_). Then the Hilbert space L1271+ (I) consists of the functions
g(z) = g(~x), geLj (I-).

Let B be the minimal operator generated in L?EJr (I~+) by the differential
expression

(6:@) (@) = —(b_(9))(—a). gel? (I), zel,.
Then the Neumann m-function m of E+ on I~+ is related to m_ as follows
my(z) = —m_(—2). (4.20)
Next the functions
Wow)i= [ @h(©ds, Relw)i= [ Falde, aell
0 0

are related to W_ and R_ by

Wi(z)=-W_(-z), R.(z)=-R_(-z), z€l,. (4.21)
Recall, that by definition,
~ 1 -~
F+(£C) = ) T e R+(I+)

; x(WJr o ﬁ;l)(x)
By f+ we denote the inverse of ﬁ+. It is connected with the inverse f_ of
1

F-(@) = z(W_oRZ")(—x)’ v e R-(I-),

by the equality
fil@)=—f_(z), zeR,. (4.22)

It is easy to see, that W, and R, satisfy the condition in (4.19). There-

fore, by Theorem 4.6, m (iy) ~ if4(y). Consequently, by (4.20), (4.21), and
(4.22), one obtains

m_(iy) = —my (iy) ~ —ifs(y) = if+(y) = —if-(y). O

The sufficiency part of the following lemma was proved by Bennewitz [8].
The condition that appears in [8] is equivalent to the definition of a positively
increasing function, see Definition A.12 in Appendix A. The necessity of
condition (4.23) below was proved by Kostenko in [70].

Lemma 4.7. Let m+ be the Neumann m-function of by on I.. Then
Remy (iy) = O(Immy (iy)) as y — Foo (4.23)
if and only if the function Ry o W;l 1s positively increasing at 0.
Notice that the concept of the Neumann m-function of by on Ii in

Lemma 4.7 is used in the sense defined in Remark 4.5, while in the rest of the

paper we use Definition 4.1. The following analog of Lemma 4.7 was proved
in [69, Corollary 2.7].
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Lemma 4.8. Let my be the Neumann m-function of by on Iy, subject to (4.6).
Then

Immy (iy) = O(Remy(iy)) as y — +o0 (4.24)
if and only if the function Wy o R;l is positively increasing at 0.

Similar criteria for estimates (4.23) and (4.24) at 0 were proved by
Kostenko in [69, Theorem 2.11 and Corollary 2.15].

Lemma 4.9. Let wy,ry & L'(I1) and let my be the Neumann m-function of
by on I, subject to (4.6). Then

Remy (iy) = O(Immy (iy)) as y— 0+
if and only if the function Ry o W;l 1s positively increasing at £0o.
Lemma 4.10. Let wy,r+ & L'(I+) and let m+ be the Neumann m-function
of b on Iy, subject to (4.6). Then

Imm (iy) = O(Remy (iy)) as y— 0+
if and only if the function Wy o R;l 1s positively increasing at +00.

In the following lemma we consider the cases in which the conditions
ws,ry ¢ LY(I1) are not satisfied.
Lemma 4.11. Let my be the Neumann m-function of by on Iy, subject to (4.6).

(1) Let ayx = £limy ., 1/Wi(z). Then ax > 0 and the function
- a
m(z) :=mqy(z) + %, ze€Cyq,
belongs to S and limy o ymy (iy) = 0. In particular, if wy € L'(Iy),
then ax > 0, ymy (iy) ~ iax at 04 and
Rem (iy) = o(Immy (iy)) as y | 0.
(i) Ifre € LY*(I1) and wy & L'(1+), then
Immy (iy) = o(Remy (iy)) as y|O0. (4.25)

Proof. The claims (i) and (ii) appear in [69, Lemma 2.10]. For the proof of
(i) see also [33, Propositions 3.6, 4.6]. O
4.3. Regularity of the Critical Point oo
Statements (iii), (iv) of Theorem 4.4 can be restated as follows.
Theorem 4.12. Let the differential expression by satisfy (1.2) and let the
functions Ry and Wy be defined by (4.16). If either W o Rjrl is positively
increasing at 0L or W_o RZ" is positively increasing at 0_, then oo € cr(A).
Proof. Let my be the Neumann m-function of by on Iy, subject to (4.6). By
Proposition 4.2(d), m and m_ belong to the Stieltjes class S. Thus m4 and
m_ satisfy the assumption (3.32) of Theorem 3.10. Assume that W, o R}"
is positively increasing at 0. Then, by Lemma 4.8, condition (4.24) holds.

Hence, by Theorem 4.4 (iii), we have oo € ¢,(A). Similar argument proves
the theorem if W_ o R™' is positively increasing at 0_. O
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Ezample 4.13. Let I = (—1,1). Consider differential operators B generated
by b in L?(11), where r_, w_ are arbitrary subject to conditions (1.2) and
ry = 1, and w, satisfies the condition

wi(z) =% (x), zely, a>-—1, (4.26)

where vy (z) is slowly varying at 0.. Then, by Karamata’s characterization
theorem, Theorem A.5, we have
xa-&-l

W. = te t)dt ~
@)= [ et~ T

and hence, W, (x) is regularly varying at 04 of order @ + 1 > 0 by Proposi-
tion A.2. Theorem 4.12 yields that oo € ¢,(A).

In the case when both wy and w_ satisfy the condition (4.26) with
ve € CYIy) and a > —1/2 (so called Beals conditions) this result was
obtained by R. Beals in [6], and by B. Curgus and H. Langer in [21] for
a > —1. That one-sided condition for the weight w on I, is enough for
o0 € ¢, (A) was noticed by A. Fleige in [39].

() as x]0,

Lemma 4.14. Let a € Ry and let o, (8, f, g : [a,+00) — C\{0} be functions
such that o and (8 are bounded,

o) o @)
Jlm 3) 1 d wL_H)o (@) 1. (4.27)
Then
;—O(l) as x — 400
a(z) = f(z)
1

Proof. We will prove the equivalence of the negations of the statements in
(4.28). The negation of the statement on the left-hand side of (4.28) is: There
exists an increasing sequence (z,) in [a, +00) such that

lim z, =+ and lim (a(zn) — f(x,)) = 0.

n—-+o0o n—-+4oo
Since for all n € N we have
B(xn)  g(xn) 9(wn)
B(xyn) — g(zn :aa:n< — + (a(xy) — f(xn
(@) = o) = (o) ( 575 = F205 )+ (@) = Flea) §25
and since « is bounded, (4.27) and the stated negation imply that the nega-

tion of the right-hand side of (4.28) holds. The proof of the converse is
similar. O

Lemma 4.15. Let a € Ry and let f and g be positive functions defined on
[a,+00). Then
f(x)

(g(x)l)l —0(1) as 7 —+o0

M— 71_ as r — o0
s (f(x) 1) =0(1) oo, (4.29)
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Proof. The equivalence of the negations of the propositions in (4.29) is
clear. 0

Application of Theorem 4.4(i) and Theorem 4.6 leads to the following
characterization of regularity of critical point oo under the assumptions of
Theorem 4.6.

Theorem 4.16. Let the differential expression a satisfy (1.2). Let Wy and R4
be the functions defined in (4.16) and assume that W oR;1 is slowly varying
function at 0L. Then the operator A associated with a is nonnegative in the
Krein space (L%(I), [, ]w), p(A) # 0, oo is a critical point of A, and

W_(RZ'(—2))

1
€ (4) & <1+ Wy (B2 () ) =0(1) as x|0.

Proof. Assume that W OR;1 is slowly varying function at 04. An immediate
consequence of the definition in (4.17) is the equivalence

<1 L W(RZ ()

W, (R;l(w)) ) =0(1) as z]0

<1— Fj}(_x;))l—()(l) as x| 0.

Recall that F is unbounded decreasing, and F_ is an unbounded increasing
function. Since Wy o Ry' is slowly varying at 0, the function Fy is regularly
varying at 01 with index —1, see the definition in (4.17). As the function fi
is the inverse of F., Corollary A.11 yields the following equivalence

(1—;*((_92))1 =0(1) as z]0

f+ () _1_ S doo
& (1+f_(y)> =0(1) as y— +oo.

Let m4 be the Neumann m-function of b4 on Iy. By Theorem 4.6, we
have

Fimy(iy) ~ fe(y) as y— +oo.
The preceding asymptotic relation and Lemma 4.14 imply

Imm (iy)
m (iy) +m—(—iy)

=0(1) as y— 4o

W\ s oo
= (1+f+(y)> =0(1) as y— +oo.

To see how Lemma 4.14 applies here we write

i Imm (iy) B 1
i)+ (i) e
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set
—imy (iy) im_(—iy) f-()
aly)=——-5, f =——>=, Bly)=1 gly)=- )
D=ty T ey W W ="Fw
and observe that the above asymptotic relation from Theorem 4.6 implies
lim a(y)=1 and lim ) =1
y——+00 Yy—+0o0 g(y)

Since by Lemma 4.15 we have

(1+f(y)>1 —0(1) as y— 4o

f+(y)

f+(y) _1_ — 40
= (1+f_(y)) =0(1) as y— +oo,

we have proved that

w_(R=(-2)\
() —owmae
Imm (iy) B as 4 s oo

TN G E e B

Similarly, we can prove that

<1+VV_(R:1(_$))>_ =0(1) as z]0

Wi (Ry ()
& fmm_(iy) O(1) as y— +o0
. . = — .
my (iy) + m—(—iy)
Therefore,
-1
W_(RZ'(—
1+M =0(1) as z/0
W (R (2))
< the pair my and m_ has the D,-property.
Now the theorem follows from Theorem 4.4. O

Corollary 4.17. Under the assumptions of Theorem 4.16 the following equiv-
alence holds

0 E€c(4) &

lim inf —W- (R:l(—x)) <1 <limsup - (R:l(—x))

210 Wi (R{'(x)) w0 Wi (R{'(z)) - (4:30)

Proof. By Theorem 4.16, co € ¢5(A) is equivalent to the negation of

-1 -1
<1 + Vm) =0(1) as =z /0. (4.31)

In Sect. A.3 of Appendix we give two equivalent negations of (4.31). One is
Wi (R () & =W_(RZ'(—z)) at 04,
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and the other, 1 is a cluster value at 04 of the function
~W_(RZ'(-=))
= 1
Wy (Ri(2))
where ¢ = min{c4, —c_} with ¢_ and ¢y as defined in (4.18). Since the func-
tion in (4.32) is continuous on (0, ¢) it is an exercise in elementary analysis,
see [91, 5.10.11], that 1 is a cluster value at 04 of the function in (4.32) if

and only if the inequalities on the right-hand side of the equivalence in (4.30)
hold. O

with 2 € (0,¢), (4.32)

Remark 4.18. The criteria in Theorem 4.16 nicely complements the result
of Kostenko in [69, Corollary 4.8(i)]. To see this, we notice that [69, Corol-
lary 4.8(i)] can be restated as follows: If W_ o R™! is slowly varying function
at 0_, Wy o Rjrl is slowly varying function at 04 and oo € ¢,.(A), then w is
not odd or r is not even.

The “only if” part of Theorem 4.16 gives (4.31) which is more than the
fact that w is not odd or r is not even, that is, (4.31) gives that for all small
enough positive = we have W, (R} " (z)) # —W_(RZ"(-z)).

In this setting the negation of (4.31), that is the right-hand side of the
equivalence in (4.30), appears to be a natural generalization of the condition
that the function w is odd and r is even. In the case when r» = 1, this condition
also generalizes the condition of w being odd-dominated which was used in
Fleige’s criterion for co € ¢, (A), see [20, Definition 3.8 and Theorem 3.11].

For slowly varying functions the following corollary extends the result
of [20, Corollary 3.15].

Corollary 4.19. Let 0 < by < +o0, I+ = [0,b4) and ro,wy € L (I1) be
positive functions. Let o, € Ry, set b_ = —by /B and define

r(z) = r4(z) if x€[0,b))
ary(=0x) if x€(b_,0),
—awy(—Px) if xz € (b_,0).

Let Wy and R be the functions defined in (4.16) and assume that W4 o R7!
is slowly varying function at 04.. Then the operator A associated with a is
nonnegative in the Krein space (Lﬁ,(I), [ ,-]w), p(A) # 0, oo is a critical
point of A, and 0o € ¢.(A) if and only if « # .

Proof. To apply Theorem 4.16 we first calculate for x € (c_,0) (cf. (4.18))
W_(RZ!(z)) = —(a/H)W (R (—(B/a)z)).
Hence W_ o R™! is a slowly varying function at 0_. Further

W(R ) oW (R ()
WL @) B W @)
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and since W, o R_T_l is a slowly varying function at 04 we have

W_(R"'(—z))  «

20 Wo(Ri\(z)) B

W (B (-2)\

holds if and only if @ # 3. Now the claim follows from Theorem 4.16. O

Therefore

We illustrate Corollary 4.19 with an example which has appeared in [20,
Example 3.17]. The novelty here is that we can give a characterization of the
regularity of the critical point oo for all positive coefficients o and (.

Ezample 4.20. Let wy,ry : (0,1) — Ry be given by
1
W+($):W7 T+($):1, xE(O,l)

Then
W, (x) = W, (R7\(@)) = —ﬁ, 2 €0,1).

Hence, W o Rjrl is a slowly varying function at 0;. Therefore the operator
A from Corollary 4.19 is nonnegative in the Krein space (qu(—l, 1),[, ']w),
p(A) # 0, oo is its critical point and co € ¢,.(A) if and only if o # 3.

Ezample 4.21. Let ax >0 and I = (—1,1). Let r =1 on I and

- Y= ae(- wi(x) = a7+7 T ,1).
w—(x) = ) €(=10), wil@) = T e 2 € (0.1)
Then
R_(z) =z, x€[-1,0], Ry(z)== z€]0,1], (4.33)
-1
W_(x) = W7 z € (—1,0],
1

Thus W_ o R=' = W_ is slowly varying at 0_, W, o Rfrl = W, is slowly
varying at 04 and

(1 + W)l = (1 - (—lrl(‘ac))(l*fa*)_1 =0(1) as = |0

holds if and only if a4 # a_.

By Theorem 4.16, the operator A associated with the differential ex-
pression a with the above defined w and r is nonnegative in the Krein space
(LZ2(I),[,]w), p(A) # 0, oo is its critical point and oo € ¢,(A) if and only if
a4 # a_. That is, co is a singular critical point of A if and only if oy = a_.
Notice that the implication

ay=a_ = 00€c(A)
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follows from a result of Parfenov [77, Theorem 6], as with a; = a_ the
weight function w(z),z € I, is odd on I.

The converse of the last displayed implication does not follow from
neither of the following sufficient conditions for regularity: Volkmer’s con-
dition, see [94, Corollary 2.7] or [20, Theorem 3.14], Fleige’s condition for
odd-dominated weights, see [20], Parfenov’s condition [78, Corollary 8] for
non-odd weights.

4.4. Discreteness

By definition, for a closed operator T, its discrete spectrum consists of its
isolated eigenvalues of finite algebraic multiplicity. The complement of the dis-
crete spectrum is called the essential spectrum of T'; it is denoted by ouss(T').
The differential expression b is said to be quasi-regular at the end-point
by if wy,ry € LY(I4). As is known, see [52], in the quasi-regular case the
spectrum of the operator B g is discrete. The following statement for a non-
quasi-regular case is also based on a result from [52].

Theorem 4.22. Let 0 < by < +o0, let B o be defined by (4.11) and let either
wy & LY(0,by) orry ¢ LY(0,by). Then 0 & 0ess(By o) if and only if:
FEither

(I) wq € L1(07b+); T+ ¢ L1(07b+) and

sup Ry (z)(Wy(by) — Wi(z)) < +oo, (4.35)
z€(0,by)
or
(1) wy & L'(0,b4.), ry € L'(0,b) and
sup. W4 (2)(Ry(by) — Ry(z)) < +o00.
2€(0,b4)

Moreover, the spectrum of B ¢ is discrete if and only if:

Either
(1) wy € LY0,by), 7o ¢ LY(0,b4) and
;g& R (2)(Wy(by) = Wi(x)) =0, (4.36)
or

(IV) wy & LY0,b4), ry € LY(0,by) holds and
mlgil+ Wi (2)(R+(b1) — Ry (x)) = 0.

Proof. By using the change of variable ¢ = R, (z), z € (0, ), the statements
of Theorem 4.22 are easily reduced to [52], see [19] for the details. O

The statements of Theorem 4.22 remain in force for B_ ¢ with by, wy,
r4 replaced by b_, w_, r_, respectively. In particular, if w_ € L*(b_,0), then
0 & 0ess(B_ o) if and only if

sup  R_(2)(W_(b-) — W_(z)) < +oc. (4.37)
z€(b_,0)
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Remark 4.23. In the case when ry = 1 and w is continuous, condition (4.36)
was first introduced by Hille in [47] and later used by Nehari in [75] as a cri-
teria for the strongly non-oscillatory property of (4.1). For w, € L'(I,),
(4.36) was proved to be a discreteness criterion for the Krein string by
Kac and Krein [52]. A condition similar to (4.35) was used by Chisholm
and Everitt [16] as a criterion for the boundedness of the integral operator
(Tf) (= x) [ u(®) f(t)dt with f € L*(Ry); here u,v € L*(Ry). Stuart
[90] proved that the Compactness of the operator T is characterized by a con-
dition of type (4.36) and this allowed him to characterize the discreteness of
a general Sturm-Liouville operator. See also [76] and [26] where discreteness
criteria were formulated in terms of the coefficients of the Sturm-Liouville
operator. Conditions similar to (4.35) appeared also in [74] and [73, Sec-
tion 1.3.1] as criteria for some Hardy-type inequalities in weighted spaces.
Criteria for the discreteness of the spectra of canonical systems, that contain
the Krein string as a special case, were found recently in [85], see also [83]
for a class of semibounded canonical systems.

The next proposition shows that the spectrum of the operator B
defined in (4.11) can be discrete even in the limit point case.

Proposition 4.24. Assume wy € L'(I1). Then
/I | R (6)] s (€)d = /I Wa(bs) = Wa(©)|ra(€)de,  (4.38)

meaning that either the two integrals diverge simultaneously, or, if one con-
verges, then the other one converges as well and the integrals are equal. Fur-
ther, if Ry € L}Ui (I+), then the spectrum of By o is discrete and 0 € p(By.).

Proof. Using integration by parts in fl:t |Ri(§)’wi(§)d§ one verifies (4.38).
Assume now that Ry € L . (I+). Applying again integration by parts
to the integral fox (Wi(bs) — Wi (£))dR+(€) we obtain for all z € I

/O (We(bs) — Wi (€))dR=(€)

= Ry (2) (Wi (bs) — W(x)) + /Oﬂf Ry (§)dWL (). (4.39)

Taking the limit as z — by in (4.39) and using (4.38) yields
mllg)li Ry(2)(Wi(bs) — We(x)) = 0. (4.40)
Hence, by Theorem 4.22, the spectrum of B  is discrete. O

The next theorem combines the results of Theorem 4.16 and Theo-
rem 4.22 to provide a necessary and sufficient condition for the existence of
a Riesz basis consisting of eigenfunctions of the differential operator A.

Theorem 4.25. Let the differential expression a satisfy (1.2) and let Wi and
Ry be the functions defined in (4.16). Assume

(a) The functions wy and r4 satisfy one of the following three conditions:
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(i) wy € LY(Iy) and ry € LY (1,);
(il) wy € LY(I4), r4 & LY (1) and zl%fbfi Ry () (Wi (by)=Wy(2))=0;

(iit) wy & L'(I4), r4 € L'(I4) and }%}i W (2) (R4 (b4) — Ry (x)) = 0.

(b) The functions w_ and r_ satisfy one of the following three conditions:
(i) w_ e LYI_) and r_ € L*(I_);
(i) w_ e LY(I_),r_ ¢ LY (I_) and hfl}l R_(z)(W_(b_)-W_(z))=0;

(ili) w_ ¢ LY(I_), r— € L*(I_) and aclilbri W_(z)(R-(b-)—R_(x))=0.

Then the spectrum of the operator A associated with the differential

expression a in the Hilbert space L|2w|(I) 18 real and discrete, its eigenvalues

accumulate on both sides of oo, all nonzero eigenvalues are simple and Jordan

chain at 0 is of length at most 2. The following statements hold.

(A) If either W+0Rjrl is positively increasing at 04 or W_oR™" is positively
increasing at 0_, then A has the Riesz basis property (Ri).

(B) If Wy o Rjrl is slowly varying at 04 and W_ o R=' is slowly varying at
0_, then A has the Riesz basis property (Ri) if and only if

w_(RZ(-2))
(1 + W) = 0(1) as T J, O (441)

Proof. In either of the three cases in (a), the spectrum of the operator B
is discrete and its eigenvalues accumulate at +oo. This follows from the fact
that in case (i) in (a) the operator By g is either regular or in the limit-circle
case at by. In the remaining two cases in (a) this follows from Theorem 4.22.
Similarly, in either of the three cases in (b), the spectrum of the operator
B_  is discrete and its eigenvalues accumulate at +oco. Since A is a rank-
one perturbation of the operator Bi g & (—B_ ), by Weyl’s theorem, the
spectrum of the operator A is also discrete (see [82, Theorem XIII.14]). By
Lemma 3.6, the eigenvalues of A accumulate on both sides of co. Since the
operator A is nonnegative in the Krein space K all nonzero eigenvalues of
A are semi-simple and the length of the Jordan chain at 0 is at most 2.
Moreover, by Lemma 4.3, all nonzero eigenvalues of A are simple.

Let A be an arbitrary finite open interval such that 0 € A and let
E be the spectral function of A in the sense of [71]. By the properties of
this spectral function [71], co € ¢,(A) if and only if there exists a Riesz
basis of (I — E(A))K which consists of eigenfunctions and the generalized
eigenfunctions of the restriction of A on (I—E(A))K. Since E(A)K is a finite-
dimensional space, the eigenfunctions and the generalized eigenfunctions of
the restriction of A on E(A)K form a Riesz basis of E(A)K. Therefore, the
Riesz basis property (Ri) is equivalent to oo € ¢,.(A). By Theorem 4.12, if
either W, o R;l is positively increasing at 0, or W_ o RZ! is positively
increasing at 0_, then oo € ¢,(A) and hence the claim in (A) holds.

If Wyo R;l is slowly varying at 04 and W_ o R_' is slowly varying
at 0_, then, by Theorem 4.16, condition (4.41) is equivalent to co € ¢,(A).
Since we already proved that co € ¢, (A) is equivalent to (Ri), the equivalence
in (B) is proved. O
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Remark 4.26. For the differential expression a introduced in Example 4.21
we have
Wi (z) (R (1) — Ry (2)) =

1—=x

~ _ 17044,
Cha) (1—x) as z 11

1—#736(1_ ~(14+x)7 as x| —1.
(—In(-x))
Therefore, a satisfies conditions (a)(iii) and (b)(iii) in Theorem 4.25 if and
only if a— € (0,1) and ay € (0,1). By (B) in Theorem 4.25, the operator
A in Example 4.21 with a_, 4 € (0,1) has the Riesz basis property if and
only if o # ay.

W_(z)(R-(-1) — R_(2)) =

4.5. Regularity at O

Since the operator A associated with the differential expression a is nonneg-
ative, it may have another critical point at 0. In this subsection we consider
the problem of regularity of the critical point 0 of the operator A. Let Wy
and Ry be defined by (4.16).

Theorem 4.27. Let Wi and Ry be defined by (4.16)and let A be the dif-
ferential operator associated with the expression a with the domain defined
by (4.12). Assume that one of the following cases is in force:
() w_, r_ ¢ LYI.), wy, ry & L*(I}) and either W_ o R™" is positively
increasing at —oo or W4 o Rj_l 1s positively increasing at +00;
(i) eitherw_ ¢ L*(I_) andr_ € L*(I_), orwy & LY(I,) andr, € L' (1);
(iii) either w_ & LY(I_) and wy € L*(Iy), or w— € LY(I_) and wy ¢
LY(I4);
(iv) w_ € LYI), wy € LY (1), and W (by) + W_(b_) #0.
Then
0¢&cs(A) and ker A= ker A% (4.42)
Moreover, the following statements hold.
(a) If w_ € LYI_) and wy € LY(I,), then (4.42) holds if and only if
Wi (by)+W_(b_) #0.
(b) Ifw_ € LY(I_), wy € L' (I}) and (4.35), (4.37) hold, then 0 & 0ess(A)
and the following three statements are equivalent

Wi )+W_(b_)#0 < kerA=kerA? < 0¢c(A). (4.43)

Proof. 1. Proof of (4.42) under assumption (i). Due to Lemma 4.10 the as-
sumption that W, o Rjrl is positively increasing at 400 is equivalent to the
condition

Imm. (iy) = O(Rem(iy)) as y | 0.

By Theorem 4.4(v), this implies 0 ¢ c5(A) and ker A = ker A2.

2. Proof of (4.42) under assumption (ii). If ry € L*(Ry) and wy & LY(R_),
then, by Lemma 4.11, (4.25) holds and, hence, by Theorem 4.4(v), we have
0 & cs(A) and ker A = ker A2.
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3. Proof of (4.42) under assumption (iii). If wy € L*(I,) and w_ & L*(I1_),
then, by Lemma 4.11,

m (iy) = j +ing(iy), m_(iy) =o(1/y) as y |0
for ay = 1/Wi(by) >0, my(iy) = o(1/y). Then
my (iy) +m_(~iy) ~ — as y |0

1y
and

Imm+(iy)~a—+, Imm_(iy) =0 as y|0.
Y

Hence,
Immy (iy) = O(my (iy) + m_(—iy)) as y |0 (4.44)

holds and, by Theorem 4.4(ii), we have 0 ¢ c5(A) and ker A = ker A2,
4. Proof of (4.42) under assumption (iv). If w, € L*(Iy) and w_ € L*(I_)
then, by Lemma 4.11,

m(iy) ~ 28, m_(iy) ~ i as y 10
Yy Yy

for ay = £1/W(by). Since Wi (by) + W_(b_) # 0, we have a4 # a_,

m (iy) +m_(—iy) ~ % as y |0

and

Immy (iy) ~ a?i as y | 0. (4.45)

Hence, (4.44) holds. By Theorem 4.4(ii), (4.44) is equivalent to 0 & ¢s(A) and
ker A = ker A%

5. Proof of (a). Assume now that W, (b4 )+W_(b_) = 0. Then, by Lemma 4.11,
a4+ = a_ and hence

m(iy) + m_(—iy) = o(1/y) as y 0.
In view of (4.45), the relation (4.44) is not fulfilled and, by Theorem 4.4, the
relations (4.42) fail to hold, that is, either 0 € c5(A) or ker A C ker A2.
6. Proof of (b). If wy € L'(I1) and (4.35), (4.37) hold, then, by Theorem 4.22,
0 & Cess(Bx,0). Since A is a rank-one perturbation of the operator By o &
(=B_ ), we have 0 & 0ess(A).

Since w € L'(I), all constant functions on I belong to dom A defined
in (4.12). Consequently, all constant functions on I belong to ker A. As, by
Lemma 4.3, ker A is at most one-dimensional, we deduce that ker A consists
of all the constant functions on I. Denote by 1 the constant function on I
equal to 1. Notice that

[1,1]0 = W (bs) + W_(b). (4.46)

If Wi(by)+ W_(b_) # 0, then the subspace ker A is nondegenerate.
Moreover, we have ker A = ker A2, since the existence of an associated vector
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f € dom A such that Af =1 implies [1,1],, = [Af,1]w = [f, A1],, = 0. This
proves the implication

Wi(by ) +W_(b_)#0 = kerA=ker A%

Now assume ker A = ker A2. Then 0 is a simple eigenvalue of A, and
since 0 & 0ess(A), it is an isolated eigenvalue. By [71], ker A is nondegenerate
and thus 0 & c(A).

And finally, if 0 & c(A), then, by [71], ker A2 = ker A and ker A is
definite. Hence, [1,1],, # 0, and, by (4.46), we have W, (by) + W_(b_) # 0.
This proves the implication 0 & ¢(A) = W (by)+W_(b_) # 0, and thus the
equivalences in (4.43) hold. O

Remark 4.28. The first equivalence in (4.43) can also be derived from [58,
Theorem 3.1]. Indeed, let o be measures from the integral representations
ma(z) = [p(t —2)"'dos(t) of the m-functions my. If w_ € LY(I_), wy €
LY(I4) and (4.35), (4.37) hold, then 0 & 0ess(B_) N 0ess(By). Hence the
conditions

/ t~2do_(t) < 400, t~2do (t) < +o0
R\{0} R\{0}

are automatically fulfilled. By [58, Theorem 3.1, 2(ii)], the condition ker A% =
ker A is equivalent to do_({0}) # do4({0}), which, by Lemma 4.11, is equiv-
alent to W4 (by) + W_(b-) # 0.

In Theorem 4.27 it is not claimed that 0 € ¢,(A), since it may happen
that 0 is not a critical point of A at all. In the next corollary we specify some
cases when 0 is indeed a regular critical point of A.

Corollary 4.29. Assume that wy and ry satisfy one of the following condi-
tions:
(a) wy € LY (I4), r4 ¢ L'(I+) and SéI}J Ry () (W (by) = Wi (z)) = +o0;
rely

(b) wy & L'(I4), r4 € L'(14) and Tsél}) W (2) (R (b4) — Ry(x)) = +oo.

Assume that w_ and r_ satisfy one of the following conditions:
(¢) wo e L*(I-), r— ¢ L*(I-) and sup R_(z)(W_(b_) — W_(x)) = +oo;
xel_
(d) wo ¢ L*(I-), r— € L*(I-) and sup W_(z)(R—(b—) — R_(z)) = +oo.
xel_
In cases (a) and (c) assume Wi (by) +W_(b—) # 0. Then 0 € ¢,.(A) and the

spectrum of the operator A accumulates on both sides of 0.

Proof. In either of the cases (a) and (b) ((c) and (d), respecitively), 0 is an
accumulation point for the spectrum of the operator By ¢ (B_ o, respectively)
from the right. Therefore, 0 is an accumulation point for the spectrum of the
decoupled operator Ag = Ay o @ (A_ o) from both sides. Since the resolvent
(A—2)71 of Ais a one-dimensional perturbation of the resolvent (4g—z2)71,
see (3.7), it follows from [51, Theorem 1] that 0 € ¢(A).

The statement 0 € ¢,(A) follows from Theorem 4.27. O
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Remark 4.30. The list of the assumptions of Theorem 4.27 covers all possible
cases except the following:
(v) w_,r_ ¢ LY(I_), wy, ry ¢ L'(I1) and both W_o R~ is not positively
increasing at —oo and W, o RII is not positively increasing at +oo.
In this case we cannot apply our abstract results from Theorem 3.10 because
the asymptotic behaviour of the Weyl functions at finite points is insufficiently
studied.
Notice that if 7 = 1, then [94, Theorem 5.2] and [70, Theorem 7.4]
yield that the set of all not positively increasing functions is dense in some
metric subspace of L'(I).

Remark 4.31. If wy € L'(I}), w- € L'(I-), Ry € Ly, (Iy) and R €

LY (I-) then, by Proposition 4.24, the spectrum of A is discrete and in the

case W (by )+ W_(b_) = 0 the root subspace ker A? can be found explicitly.
As was mentioned above ker A = span{1}. Let us find a generalized eigenvec-

tor f € dom(A) such that Af =1, ie. f= fi ® f-, where fy € dom(B§:*>)
are solutions of the equations

b+f+ = 13 _b—f— = 17 (447)
such that

£+0) = £-(0),  £7(0) = fH0), (4.48)

holds. Straightforward calculations show that the functions
x

. by
fi(r) == / Re(€)ws (€)de + / Ri(x)ws()dE  (4.49)

satisfy (4.47) and the first boundary condition in (4.48). The second boundary
condition in (4.48) holds since W4 (b4) + W_(b_) = 0.
It follows from (4.40) that the second term in (4.49)

by
/ R (2)ws (€)de = R () (W (bs) — W (a))

is bounded. The first term in the right hand part of (4.49) is also bounded
since Ry € L,,, (I+) and hence fi € L3 (I+). Therefore, f+ € dom(Bx max)
and hence fi € dom(B<*>) in the limit point case.

In the limit circle case we also get fi € dom(Bﬁ?), since j[tl](bi) =0.

Therefore, f = fi @ f- € dom A and the equation Af = 1 has a solution
f € dom(A). Thus ker A # ker A2

Remark 4.32. Let by, «, 3, b_ and the function w be defined as in Corol-
lary 4.19 and arbitrary r € L (I). Assume that w; € L'(I;). Then w_ €

LY(I_). Let W, be the function defined in (4.16). Then, for all x € [b_, 0] we
have W_(x) = —(a/B)Wy(—S2z). Consequently,

Wi(by) +W_(b-) = (1 —a/B) Wi (by).

By Theorem 4.27(a), we have that (4.42) holds if and only if  # (. In
particular, if @« = 5 = 1 the weight function w(t) is odd and condition (4.42)
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does not hold. This has been proved in [69, Theorem 4.7] under additional
conditions that r is even and r ¢ L'(I).

FEzample 4.33. We consider the differential expression studied in Example 4.21
on an interval I = (b_,by) with —1 <b_ <0< by <1.

First assume that b_ = —1 and b, = 1, as in Example 4.21. Then R
and W are given by the formulas (4.33) and (4.34). Due to Theorem 4.27(ii)
we have 0 & c,(A) and ker A = ker A2.

Moreover, ker(A) = {0} since a function f € ker(A) should have a form

f=f+® f- € domA, where f; € dom(Bi*>), f- € dom(B<_*>) and the cou-

pling conditions (4.48) hold. The conditions f; € dom(BSﬁ), f- € dom(B@)
yield that fy and f_ are proportional to 1 — z and 1 + z, respectively. But
then the coupling conditions (4.48) yield fy = f_ = 0.

Further,
1— 0 if 0<ay <1,
zl 271 (—Inz)o+ Fooif ay > 1,
and
14+ 0 if 0<a_ <1,
lim (R_(—=1) = R_(2))W_(z) = lim ——————4— =4 1 if a_=1,
el @l=1 (= In(-2)) +ooif a_ > 1.

Hence Theorem 4.22 yields
0€ Gess(B_,0) NOess(B+o) < ar>1 and a_ >1

Since 0 is not an eigenvalue of A, it follows from the preceding equivalence
that 0 € ¢(A) if and only if oy > 1 and a— > 1. Theorem 4.27 (ii) yields
that 0 € ¢,.(A), whenever oy > 1 and o > 1. Conversely, if ay € (0,1] or
a_ € (0,1], then 0 ¢ ¢(A). Consequently, 0 € ¢,(A) if and only if oy > 1 and
a_ > 1.

Next assume that b, = 1 and b_ € (—1,0). Due to Theorem 4.27(iii)
0 & cs(A). In this case ker(A4) = {0}, since a function f € ker(A) should have
aform f= fy & f_ € dom A, where f} € dom(B_@), f- € dom(B<_*>) and
satisfy the conditions

f+(0) = f-(0),  f1(0) = f2(0), f.(b-)=0. (4.50)

The conditions f, € dom(B_@) and f/ (b_) = 0 yield that f, is proportional
to 1 —z and f_ is constant. Then (4.50) implies f; = 0 and hence, also
f—=0o.

Since the spectrum of B_  is discrete, 0 is not an accumulation point of
the negative spectrum of A and consequently 0 ¢ ¢(A). The same conclusion
holds if b = —1 and b, € (0,1).

Finally we assume that b_ € (—1,0) and by € (0,1). In this case the
differential expression a is regular, so the spectrum of A is discrete. Therefore
the root space at 0 is nondegenerate. Consequently, 0 ¢ cs(A). Since

W_(b-) +Wyi(by) = (—ln}).‘_)a* N (—lnﬁ)_\)“* 7
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statement (b) from Theorem 4.27 takes the form:

ay ln|1n|b_|‘ B 9
a,#71n|lnb+| & kerA=kerA® < 0¢c(A).

It is interesting to write the preceding equivalences in the following form:

In|ln |b_
QJZM & kerACkerA? &  0€c.(A).
o In|Inby|

4.6. Similarity

The coupling operator A in the Krein space K is nonnegative and p(A) # 0.
Hence, it has at most two critical points 0 and co. Thus, A is similar to a self-
adjoint operator in a Hilbert space if and only if its critical points are regular
and ker A = ker A%, see Theorem 2.2. Combining Theorems 4.4, 4.27, 4.12,
and 4.16 we obtain the following list of sufficient conditions for similarity of
A to a self-adjoint operator in a Hilbert space, which equals Property (Si)
from the introduction.

Theorem 4.34. Let A be the differential operator associated with the expres-
sion a with the domain defined by (4.12) and let Wy and Ry be defined
by (4.16). Let at least one of the conditions (1)-(iv) in Theorem 4.27 be in
force. Then the following statements hold.
(a) If either W oR_Tr1 is positively increasing at 04 or W_oRZ" is positively
increasing at 0_, then the operator A is similar to a self-adjoint operator
i a Hilbert space.
(b) Let W, o R;l be slowly varying at 04 and let W_ o R=" be slowly
varying at 0_. Then the operator A is similar to a self-adjoint operator
i a Hilbert space if and only if

Wo(RZ =)\

Ezample 4.35. Let us consider Example 4.21 on an interval I = (b_, b, ) with
—1 <b_ <0< by <1. Combining the conclusions made in Example 4.21
and Example 4.33 we obtain the following equivalence:
The operator A is similar to a self-adjoint operator in a Hilbert space if and
only if

1. either max{by,[b_|} =1 and 5+ # 1;

2. or max{by,|b_|} <1 and Z;: ¢ {1 M}_

’ In|Inby|
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Appendix A: Some Results from Karamata’s Theory

In Appendix we present the definitions and the results from Karamata’s the-
ory of regularly varying functions that we use in the paper. Standard refer-
ences for Karamata’s theory are [12] and [87]. For completeness we include a
few standard results from Karamata’s theory and some of them are reformu-
lated to fit our needs. In addition, we present Theorem A.6 and Corollary A.7
that seem to be new.

A.1. Definitions and basic results

First we give definitions of regularly varying functions.

Definition A.1. Let a, € R with a > 0. A measurable function f : (0,a] —
R, is called regularly varying at O from the right with index « if the following
condition is satisfied:

f00)

for all A e Ry we have lim =

210 f(z)
When a = 0 the function f is called slowly varying at 0 from the right.
A measurable function g : [a,+00) — R is called regularly varying at
400 with index « if the following condition is satisfied:

A
forall A€R,  we have lim SA%) _ o
z—+oo g(z)

When a = 0 the function g is called slowly varying at +oo.
A measurable function g : [—a,0) — R_ is called regularly varying at 0
from the left with index « if the function f(x) = —g(—x) where x € (0,a] is
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regularly varying at 0 from the right with index a. When a = 0 the function
g is called slowly varying at 0 from the left.

We will often use “at 0,.” as an abbreviation for the phrase “at 0 from
the right” and “at 0_" as an abbreviation for the phrase “at 0 from the left.”

The Karamata’s theory of regular variation is commonly presented for
functions regularly varying at +o0o. The results for functions regularly vary-
ing at 04 follow from the following equivalence. Let f and g be measurable
functions such that g(z) = f(1/x) for all  in the domain of g for which 1/z
is in the domain of f. Then g is regularly varying at +oco with index « if and
only if f is regularly varying at 04 with index —a.

In this section some results will be presented at 04 and some at +oc.
This choice is sometimes made based on our needs in this paper and some-
times on convenience.

Slow variation plays the central role in the theory of regular variation.
That centrality is expressed in the following proposition that follows imme-
diately from the definition.

Proposition A.2. Let a,a € R with a > 0 and let f,g : (0,a] — Ry be
measurable functions such that g(x) = x f(x) for all x € (0,al]. The function
g s reqularly varying at 04 with index o if and only if f is slowly varying at
04.

The next theorem is Karamata’s Representation Theorem, see [12, The-
orem 1.3.1] or [64] for Karamata’s original paper.

Theorem A.3. Let a € R. A function f : [a,+00) — Ry is slowly varying
at +oo if and only if there exist b € [a,+00), a measurable function m :
[b, +00) — Ry and a continuous function € : [b,+00) — R such that

lim m(z) =M € Ry, -hr-s{l e(x) =0,

T—+00

and for all x > b we have

(@) = m(z) exp </b E(tt)dt> .

The following property of regularly varying functions follows from Propo-
sition A.2 and Theorem A.3, see [87, 1° on page 18].

Corollary A.4. If g is a regqularly varying function at +oo with a positive
(negative, respectively) index, then

lim g(z) =+o0 ( lirf g(x) =0, respectively).

r—+0o0
If f is a regularly varying function at 04 with a positive (negative, respec-
tively) indezx, then

lim f(x) =0 (lim f(z) = +o0, respectively).
z|0 z]0
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A.2. Karamata’s Characterization and Consequences

The following theorem is our restatement of Karamata’s characterization of
regular variation as it appears in [46, Theorem 1.2.1], [67, Theorems IV.5.2
and IV.5.3], [12, Theorems 1.5.11 and 1.6.1] and [14]. In [12,14,46,67] regular
variation at +-oo is considered. Here we characterize regular variation at 0.

Theorem A.5. Let a € Ry and let f : (0,a] — Ry be a locally integrable
function on (0,a]. Let a,y € R be such that v+ « # 0 and consider the
following two conditions:

/ s77 f(s)ds exists as an improper integral at 0, (A1)
0

lim s [ s = (a2)
im s s)ds = . .
vl0 V7 f(v) Jo 7+a

The following statements are equivalent:

(a) f is regularly varying at 04 with index .

(b) For all v € R such that v+ o > 0 conditions (A.1) and (A.2) hold.
(c) There exists v € R such that v+« > 0 and (A.1) and (A.2) hold.

The next theorem is a reformulation of the preceding one in terms of
the differential of the function under consideration.

Theorem A.6. Let a, o, v € R be such that a > 0,7 # 0 and v+ « # 0.
Let f:(0,a] — R4 be a measurable function which is of bounded variation
on each closed interval contained in (0,a]. Consider the following three con-
ditions:

a
/ sTdf(s) exists as an improper Riemann-Stieltjes integral at 0,
0

(A.3)
o £(2) =0, (A1)
. 1 v a
lvlfl(')l 7 (0) /0 sYdf(s) = popr (A.5)

The following statements are equivalent:
(i) f is regularly varying at 04 with index .
(ii) For ally € R\{0} such that v+« > 0 conditions (A.3), (A.4) and (A.5)
hold.
(i) There exists v € R\{0} such that v+ o > 0 and conditions (A.3), (A.4)
and (A.5) hold.

Proof. Let u,v € (0, a] such that u < v. First notice that since f is of bounded
variation on [u, v], see [96, Theorems 2.21 and 2.24], the integration by parts
yields

[ i) =) —atsw) = [ (a0)

Assume (i). Let v € R\{0} be such that v + « > 0. Since by Defini-
tion A.1 the function @ — 27 f(z) is regularly varying at 04 with index v+«
Corollary A.4 yields (A.4).
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Theorem A.5 implies that (A.1) and (A.2) hold. Letting v | 0 in (A.6)
and using (A.1) yields (A.3) and

! U’Ys:—,Y Us“’_lss
7, O g [, e w

Now letting v | 0 and using (A.2) we deduce (A.5), proving (ii).

The fact that (ii) implies (iii) is trivial. Now assume (iii). Letting « | O
in (A.6) and using (A.3) yields (A.1), and we again deduce (A.7). Together
(A.7) and (A.5) imply (A.2) in Theorem A.5. Thus, (c) in Theorem A.5 holds
and (i) follows from Theorem A.5. O

Let v > 0. With the substitution ¢ = v7, conditions (A.3), (A.4) and
(A.5) can be rewritten as (see [79, Theorem 12.11] for the change of variables
formula in Riemann-Stieltjes integral)

a”
/ tdf (tl/ 7)  exists as an improper Riemann-Stieltjes integral at 0,
0

limtf(t'/7) =0
im f7) =0,

. 1 ‘ 1/ Oé/’y
i 7, 06 = T

This observation and Theorem A.6 (with v being 1 and « being «/v) yield
the following equivalence: The function ¢ + f(t}/7) with t € (0,a"] is reg-
ularly varying at 04 with index «/y > —1 if and only if conditions (A.3),
(A.4), (A.5) hold. Here it is convenient to read the last fraction in (A.5) as
(@/7)/ (1 + (a/7)).

The next corollary generalizes the preceding equivalence to any increas-
ing bijection on [0, a].

Corollary A.7. Let a,a,b € R be such that a,b > 0 and a« > —1. Let
f:(0,8] — Ry be a function of bounded variation on every closed subinterval
of (0,b] and let g : [0,b] — [0,a] be an increasing bijection. The function
feg™1:(0,a] — Ry is reqularly varying at 0, with index o > —1 if and only
if the following three conditions are satisfied:

b
/ g(8)df(s) exists as an improper Riemann-Stieltjes integral at 0,
0

(A.8)
li £ (0)g(0) =0, (A.9)
i / os) df(s) = 1. (A.10)

Proof. Let u,v € (0,b] such that u < v. As in the preceding theorem we
notice that since f is of bounded variation on [u,v] the integration by parts
( [96, Theorem 2.21]) yields

/v g(s)df(s) = f(v)g(v) = f(u)g(u) — /U f(s)dg(s). (A.11)
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In this proof we will also use that, since g is a continuous increasing bijection,
we have that u | 0 if and only if g(u) | 0.

Assume (A.8), (A.9) and (A.10). Letting v | 0 and using (A.8) and
(A.9) in (A.11) yields

/ "9 df(s) = Fw)g(v) / " f(s)da(s) (A.12)
0 0

for all v € (0, b]. Therefore, for all v € (0,b] we have

v

! ° 1
Foar Jy 996 =1 s [ St

g(v)
=l-—-— ~1
~ T gl /0 Flg~H(®))dt,

where, for the second equality, we used the change of variables formula in
Riemann-Stieltjes integral, [79, Theorem 12.11]. Now (A.10) implies

1 . 1 gy YRS T A
e BT, 0= s [ o)

-1

(A.13)

Since we assume 14+« > 0, Theorem A.5 yields that fog™" is regularly varying
at 04 with index a.

To prove the converse assume that fog™" is regularly varying at 04 with
index a > —1. Then the function z — xf(g~"(z)) is regularly varying at 0
with index a +1 > 0 and (A.9) follows from Corollary A.4 after a change of
variables in the limit. By the change of variables formula for all u € (0, a] we

have

1

b

/ua sdf (97 (s)) = / g(t)df(t).

g~ (u)

Consequently, (A.8) follows from (A.3) in Theorem A.6 applied to fog~! with
~v = 1. Therefore, (A.12) and consequently (A.13) both hold. Now (A.10)
follows from (A.2) in Theorem A.5 with v = 1. O
A.3. Asymptotic Equivalence of Functions on a Sequence
In the next definition we extend the notation ~ of asymptotic equivalence of
functions to hold only on a sequence.
Definition A.8. Let a € R;. For functions f, g : [a,+00) — Ry we write

fRrg at +oo
if and only if there exists an increasing sequence (z,,) in [a, +00) such that

lim z, = +oo and lim f(zn) =
n—-+o0o n—-+4oo g(;(}n)

For functions f,g: (0,a] — R} we write

frgatOy
if and only if there exists a decreasing sequence (z,,) in (0, a] such that
lim z, =0 and lim M =1.

n—-4oo n—-+o0o g(xn)
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Recall, see [7], [91, 5.10.11], that for a function ¢ : [a, +00) a real number
L is a cluster value of ¢ at +oo if for every € > 0 and for every X € R there
exists © > X such that |¢(z) — L| < e. Similarly, for a function ¢ : (0,a] a
real number L is a cluster value of ¢ at 04 if for every ¢ > 0 and for every
d > 0 there exists « € (0,d) such that |¢(x) — L| < e. Notice that f < g at
+oo (at 04) if and only if 1 is a cluster value of the function f/g at +o00 (at

0.).

Proposition A.9. Let f and g be regularly varying functions at +oo with in-
dices o and (3, respectively. If f ~ g at +oo, then a = 3.

Proof. We will prove the contrapositive. Assume that o < (3. Since the func-
tion f(z)/g(z) is regularly varying with index o — 8 < 0 it follows from
Corollary A.4 that lim, ., f(2)/g(x) = 0. Thus, f ~ g at +00 is not true.
If o > [ the preceding limit is +oo, so f ~ g at +oo is not true in this case
either. 0

The converse of the preceding proposition is not true. For example, let
f be a slowly varying function at 400 and g = 2f. Then o = 8 = 0, but
f ~ g at +oo is clearly not true.

The following theorem extends [84, Proposition 0.8(vi)] to the concept
introduced in the previous definition. This theorem can be deduced from [15,
Corollary 7.66]. A direct proof is presented in [19, Theorem A.11, Corol-
lary A.12].

Theorem A.10. Let f and g be strictly monotonic positive functions defined
in a neighbourhood of 04 and let f be reqularly varying at 04 with a nonzero
index.

(a) If f and g are increasing with 0 limit at 0., then the inverses f—!
and g~ are also increasing, defined in a neighbourhood of 04 and the
following equivalence holds

fRrgat0, < ft2gltato,.

(b) If f and g are decreasing and unbounded, then the inverses f~1' and
g~ are decreasing, defined in a neighbourhood of +00 and the following

equivalence holds
fRrgat0, < f12¢1at +o0.

The following corollary is a consequence of the fact that the negation of

f ~ g at 0 is the statement
-1
(Jt(x)—l) =0(1) as z|0.
g(x)

Each of the two statements in Theorem A.10 can be expressed using one of
these negations. We state only the analogue of the last statement in Theo-
rem A.10 since that is what is used in Theorem 4.16.

Corollary A.11. Let f and g be strictly monotonic positive functions defined
in a neighbourhood of 04 and let f be reqularly varying at 04 with a nonzero
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index. If f and g are decreasing and unbounded, then the inverses f~' and
g~ " are decreasing, defined in a neighbourhood of +oo and the following equiv-

alence holds

(J;((g - 1)1 —O0() asz 0 & (g_i((z; _ 1)_1 _ O a5y — 400,

Clearly f ~ g at +oo implies f ~ g at +oco. In the next example we
will demonstrate that f <~ ¢ at +oo does not imply f ~ g at +oo even for
smooth normalized slowly varying increasing functions f and g for which f/g
is normalized slowly varying function.

A.4. Positively Increasing Functions

The following class of functions was introduced as a generalization of regularly
varying functions with positive index, see [15, Section 3.1 and Definition 3.26].

Definition A.12. Let ¢ € R;. A nondecreasing function f : (0,a] — Ry is
called positively increasing at 0 from the right if there exists A € (0,1) such
that

A
lim sup f() < 1.
210 f(@)
A function g : [—a,0) — R_ is called positively increasing at 0 from the left
if the function f(x) = —g(—x),z € [—a,0), is positively increasing at 0 from

the right.

A function g : [a,+00) — Ry is called positively increasing at +oo if the
function f(x) =1/g(1/x),x € (0,1/a], is positively increasing at 0 from the
right. A function g : (—oo, —a] — R_ is called positively increasing at —oo
if the function f(z) = —1/g(—1/x),x € (0,1/a], is positively increasing at 0
from the right.

The relationship between regularly varying and positively increasing
functions at +oc0, and analogously at —oo, 04 and 0_, is as follows. Each
regularly varying function with positive index is positively increasing, while
a regularly varying function with a nonpositive index is not positively in-
creasing. In particular, a slowly varying function is not positively increasing.
The exponential function exp is positively increasing at +oo but not regularly
varying at +o0o. As was shown in [19, Example A.17], there exists a nonde-
creasing function f : [1,+00) — R4 which is neither positively increasing nor
slowly varying at +oo.
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