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Abstract
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are characterized as restrictions of S} by polynomial boundary conditions involving
P(z) and the parameters. We establish necessary and sufficient conditions on the
parameters under which the extensions are similar and the corresponding families of
Shtraus subspaces coincide. Related to our results is the equation W(z)P(z) = P(z)V
in which the unimodular matrix polynomial YW(z) and the invertible matrix V are the
unknowns. Explicit examples are given.
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1 Introduction

The starting point of this paper is the Coupling Theorem [12, Theorem 5.1] which we
recall as Theorem 3.1 in Section 3. It describes the canonical self-adjoint extensions
A of the direct sum of two closed symmetric linear relations S} in the Krein space $
and S in the Krein space ), such that A ﬂfo% = S; and A ﬂﬁ% = S>. We assume that
the symmetric linear relations have the same equal defect numbers d € N. If we fix
boundary mappings b; for S| and b, for S, then all such extensions A are parametrized
by invertible 2d x 2d matrices I' satisfying (3.3). To indicate this connection we
sometimes write Z]" for A.

For such an A we consider the family of Shtraus subspaces T3(z), z € C U {o0},
in §), see Subsection 3.2. Each member T;(z) of the family is a kind of compression
of A to $); and satisfies S| C T3(z) C S7.

We assume that dim $); € N and that S, is an operator in ), without eigenvalues.
Then the Model Theorem 4.2 assigns an essentially unique d x 2d matrix polynomial
P(z) to the pair ($2, S2) with properties described in Theorem 2.4. We show that,
as a consequence, T3 (z) can be characterized as the restriction of S} determined by
the polynomial boundary condition PI o1({f1,81) =0, {f1, g1} € ST. This is
formulated in Theorem 4.4, our first main theorem.

The bijective correspondence between the class of self-adjoint extensions A r and
the class of invertible 2d x 2d matrices I" satisfying (3.3) asserted in the Coupling
Theorem cannot be carried over to a bijective correspondence between the Shtraus
families 7 (z) and the parameters I'. In this paper we study the correspondence in
detail. This is summarized in Theorem 4.5, the second main theorem of the paper. We
give necessary and sufficient conditions on I" and A for which the identity T3 (z) =
T3, (2) holds for all z € CU {oo}. We also show that this identity holds if and only if
the relations A r and A A are similar under an isomorphism which leaves §; invariant.
A key role in our results is played by the equation W(z)P(z) = P(z)V, z € C. Here
WI(z), aunimodular d x d matrix polynomial, and V, an invertible 2d x 2d matrix, are
the unknowns. We provide explicit examples, obtained using Wolfram Mathematica,
to illustrate that equations may have more than the trivial solution W(z) = aly and
V = alyy with a € C\{0}. -

In a sequel to this paper we drop the assumption that S| = A N .‘73% in the Cou-
pling Theorem, but still assume that dim > € Nand S, = AN 5’)% is an operator
without eigenvalues. We show that the family of Shtraus subspaces T3(z) for A can
be described as the restriction of S} determined by a polynomial boundary condition
of the form P(z)b; ({1, g1}) = 0, {f1, g1} € ST, where P(z) satisfies all the assump-
tions of Theorem 2.4 except assumption (d), that is, P(z) may have constant rows. We
investigate the relation between the resolvent set, the point spectrum, the Jordan chains
and the continuous spectrum of A and the same notions for the boundary eigenvalue
problem

BEP(Sl, by, P(z)): Forall » € C and all hy € $1 determine the existence and the
uniqueness of a solution { f1, g1} € ﬁ% of the system

{fi.,g1} €S}, g1 —Afi=h1 and P)bi({f1,g1}) =0.
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For A = oo and all hy € $ determine the existence and uniqueness of a solution
{h1, f1} € 7% of the system

{h1, fi} € S and Pbi({h1, f1}) = 0.

The latter system corresponds to a canonical self-adjoint extension of S; described
in Theorem 2.3.

References to earlier results related to the results in this paper are given in the rele-
vant sections. We assume that the reader is familiar with indefinite metric spaces, linear
relations defined on them such as symmetric and self-adjoint ones, and reproducing
kernel spaces.

1.1 Notation and Preliminaries

By N, R and C we denote the sets of positive integers, real numbers and complex
numbers, and C = C U {oo} is the one point compactification of C. For z € C,
z* € C denotes the complex conjugate of z; we have co* = oc. The asterisk as a
superscript is also used to denote the adjoint of a matrix, operator or linear relation.
For m, n € N we denote by |,, the n x n identity matrix, while 0, ., denotes the m x n
zero matrix and O stands for the zero matrix whose size is implied by the context. For
constant matrices we use the sans-serif font, except for matrices I" and A which we use
exclusively in boundary conditions. For matrix polynomials we use the calligraphic
font accompanied with the variable. #S means the number of elements in a finite set
S.
In a vector space $) we often identify an operator in §) with its graph in

552:{{u,v} : u,veS’J}

and then we denote them by the same symbol. Here the notation {u, v} stands for the
ordered pair; although we use curly brackets also to denote sets, the meaning will
be clear from the context. For example, the scaled identity operator «/ on §, with
a € C,isidentified with o = {{u, au} : u € H}. Alinear relation S in $) is a vector
subspace S of $2. It is the graph of an operator S if and only if {0, v} € S implies
v = 0, and then we write v = Su for {u, v} € S. For a linear relation S in ) we
define the domain dom S, the range ran S, the null space nul S, and the multivalued
part mul S of S as follows

d0mS={ue.‘r"):{u,v}eSwithvej’)}, nulS:{ueﬁ:{u,O}eS},
ranS:{vef):{u,v}eSwithuefJ}, mulS:{veﬁ:{O,v}eS}.

The sum S + T, the difference S — T, and the product T S of two linear relations
S and T in $) are defined by

S:I:T:{{u,v:l:w}:{u,v}eS, {u,w}eT},
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and
TS = {{u, w}:{u,v}es, {v,w}eT withv € 5’)}.

For example, S = («l)S = {{u, av} : {u,v} € S}. Since S —a = S —al =
{{u, v—oau}:{u,v} € S}, we have nul(S —a) = dom(SNal). The product of linear
relations is associative. For a linear relation S in §) its nonnegative powers are defined
inductively, with S = I and S' = S. A linear relation S is said to be nilpotent if there
exists an m € N such that §” = 0. If $”~! £ 0 and §™ = 0, then m is the nilpotency
index of S. Here the symbol 0 may denote either the zero relation {{0, 0}} C 92, or
the zero operator on %), that is, the relation {{u, 0}:u € Y)}.

Form, n € N we denote by C"*"[z] the space of all matrix polynomials with coef-
ficients in C"™*". The degree of such a polynomial is —oo if it is the zero polynomial,
otherwise it is the highest power of z for which the corresponding matrix coefficient
is nonzero. A square matrix polynomial is called unimodular if its determinant is a
nonzero scalar. We write C"[z] for C"*![z]. For vector functions a(z) and b(z), the
identity a(z) = b(z) stands for the proposition a(z) = b(z) for all z € C.

Let S(z) € C™*"[z] be a nonzero matrix polynomial of degree s; thus s € {0} UN.
If

S(z) =So+Siz+--- 4S5z, S;€C™", je{0,...,s} with Sy #0

is the expansion of S(z) in powers of z and Cg stands for its (s + 1)m x n coefficient
matrix:

So
S
Cs=1| .1,
Ss
then
ﬂ nul S(z) = nul Cg. (1.1)
zeC

Here nul denotes the null space of a matrix.

Assume that the rows of S(z) are nonzero and for k € {1, ..., m} denote the degree
of the k-th row of S(z) by ox. Then oy € {0} U N. We define the m x n matrix Seo to
be the matrix consisting of the leading coefficients of the rows of S(z). Specifically,

Seo = lim diag(z™,...,z77)S(2). (1.2)
77— 00

When convenient, we will extend S(z) to C by defining S(00) = So.
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A Krein space is an ordered pair (5’_), [-,-] g)) consisting of a complex vector space
$ and a Hermitian form [ -, -] defined on § x §), provided that there exists a linear
involution (or self-inverse function) J : 5 — $) such that [J-, -] is a Hilbert space
inner product on §). Such an involution J is in fact a self-adjoint operator on this Hilbert
space and it is called a fundamental symmetry on (.‘7), [-,-] y]). Its spectral subspaces
$H_ (corresponding to the eigenvalue —1) and 4 (corresponding to the eigenvalue
1) form an orthogonal decomposition of § both as a Hilbert space and as a Krein
space. Moreover, the spaces (ﬁi, +[-,-] 5) are Hilbert spaces. Such a decomposition
is called a fundamental decomposition of a Krein space. The dimensions of $)_ and
$H+ are called the negative and positive indices of ), respectively. The antispace of
a Krein space (55, [-, -];3) is the Krein space (5’), —[-, -];3). A Krein space is called a
Pontryagin space if either its positive or negative index is finite. A detailed study of
Krein spaces and operators in them can be found in [4, 6, 27].

Let(®, [+, ]e)and (9, [, 1g) be Krein spaces. By T : & — §)is anisomorphism
we mean that 7 is a linear bijection and isometry between the Krein spaces, that is, for
allu, v € & we have [Tu, Tv]g = [u, v]e. In this case T*T = Iy and T* = -1

2 The Polynomial P(z) and Canonical Subspaces
2.1 Boundary Mapping and Gram Matrix

We collect basic facts about defect numbers of symmetric linear relations in Krein
spaces, boundary mappings and Gram matrices.

Let (S’J, [-,-] 5) be a Krein space and let J be a fundamental symmetry on it. Then
£, equipped with the inner product (-,-)s = [J-,- g, is a Hilbert space.

The Cartesian product $”> endowed with the indefinite inner product

(f. gh (h kY =i((f.k)g — (g h)g) forall {f, g}, (h, k}e H?

is a Krein space. For example, the direct sum $> = (—ilg) @ (ils) of the graphs
of the operators —i/g and ilg is a fundamental decomposition of the Krein space
(5% (-.-))-

Furthermore, £ equipped with the inner product

[[{fv g}a {hvk}]] = 1([f’k]5§ - [gvh]ﬁ) for all {fv g}$ {hvk} € f.)z (2])

is a Krein space as well, since it is straightforward to verify that the mapping
{f.g} — {f, Jg} is an isomorphism between the inner product spaces (532, [[ﬂ)
and (9%, (-.-)).

The idea of using the Krein spaces (.‘732, [ ]]) and (352, (- ))) to study self-adjoint
extensions of symmetric relations in (53, [-,-] 5) and (Y), (-,-) f’)) dates back at least
to [36, § 4]. We briefly review the essential facts needed for this paper.

Let S be a closed symmetric linear relation in a Krein space (Y), [-,-] _6) with adjoint
S*. We assume that the defect of S is finite; that is § = dim(S*/S) € N. Then J S is
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a closed symmetric linear relation with adjoint (JS)*) = J$* in the Hilbert space
(9. (-.-)9). The equality dim ((JS5*)/(JS)) = dim(S*/S) = § establishes a tight
connection between the definite and indefinite settings.

It follows from the definition of {-,-) that JS being symmetric in (.‘73, (-,) g)) is
equivalent to J S C $? being a neutral subspace of (532, {-,-)). Moreover, its adjoint
(J$)™ = JS*in (%, (-,-)s) is the orthogonal complement of J S in ($2, (-,-)) and
J S is the isotropic part of JS*. Therefore, the factor space ((JS*)/(J S), (-,-))isa
finite-dimensional Pontryagin space. The von Neumann equality

JS*=UHM = IS ((UH™ N (—ily)) & ((JH™ N (1))

is a fundamental decomposition of the degenerate inner product space (J S* (-, ))).
The space ((JS)<”‘> N (£ilg), £(-,- ))) is a Hilbert space. The von Neumann equality
implies that the Pontryagin spaces

(U208, () and (U9 N (i) & ((IHW N (il5)). ()

are isomorphic. Consequently, these spaces have negative index d ~ and positive index
d*, where dim ((JS)*) N (+ily)) = dimnul((J$)™ F (ilg)) = d*. Clearly,
8§ =d~ +d™. The numbers d~ and d™ are called the defect numbers of J S.

Returning to S, we observe that the definition of [-,-] implies that S being sym-
metric in (55, [-, -];J) is equivalent to S C 9?2 being a neutral subspace of (5’)2, [ ]])
Moreover, its adjoint S* in (55, [-,-] gj) coincides with the orthogonal complement of
Sin (%% [-,-]), and S is the isotropic part of S*.

It is straightforward to verify that the mapping {f, g} — {f, Jg} defines an iso-
morphism between the degenerate inner product spaces (S 1 ﬂ) and (J S* - ))).
Consequently, the quotient spaces (S*/S, [[ﬂ) and ((JS*)/(.IS), ((-,~))) are iso-
morphic, implying that (S* /S, [, ]]) is a Pontryagin space with negative index d—,
positive index d ¥, and § = d~ + d ™. The numbers d~ and d™ are called the defect
numbers of S.

A mapping b : §* — C? is called a boundary mapping for S if it is linear, surjective
and nulb = §. The next lemma concerns the abstract Green’s or Lagrange identity
for the indefinite inner product [-,-]:

i(Lf, klg — [g, ) = b({h, k)™ Qb({f, g}) forall {f, g}, {h,k} € S* (2.2)

in which b is a boundary mapping for S and Q is a § x § matrix called the Gram matrix
associated with b.

The definition of a boundary mapping and its connection with the Lagrange identity
goes back to [7, Definition 1.1].

Lemma 2.1 Let S be a closed symmetric linear relation in a Krein space (5’), [-, -]y))
with defect numbers d* and § = d~ +d+ e N.

(i) For each boundary mapping b of S there exists a unique § x § matrix Q such
that (2.2) holds. It is invertible and self-adjoint and it has d™ negative and d™
positive eigenvalues.
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(ii) Letb be aboundary mapping for S with Gram matrix Q. A functionby : §* — C?
is a boundary mapping for S if and only if there exists an invertible § x § matrix
V such that by = V~'b. Moreover, V is unique. If by = Vb, then its Gram
matrix is V*QV. In particular, two boundary mappings b and by = V~'b have
the same Gram matrix if and only if V*QV = Q.

(iii) Foreach invertible, self-adjoint § x § matrix Q| with d~ negative and d™ positive
eigenvalues there exists a boundary mapping by for S such that Q is a Gram
matrix for by.

In what follows, Q-unitary matrices V, as at the end of part (ii) of the lemma, will
play an important role; see, for example, Theorem 2.9 and (4.11), where V = AT,

Proofof Lemma 2.1 (i) Let b : §* — C% be a boundary mapping for S. The mapping
induced by b on the quotient space S*/S is a linear bijection between the finite-
dimensional vector spaces $*/S and C?; it will also be denoted by b : §*/§ — C?.

Leti, j € {1,..., 6}, let e; be the j-th column of l5 and let Q be the § x § matrix
whose entry in the i-th row and j-th column is [b~!(e;), b~ (e;)], where [-,-] is
defined in (2.1). Then (2.2) holds. Since [[-,-] is a non-degenerate Hermitian form on
S* /8§, the matrix Q is invertible and self-adjoint. By defining the weighted dot product
y*Qx on C? x C?, we endow C? with the structure of a Pontryagin space. Furthermore,
b : §*/S — C? becomes an isomorphism between Pontryagin spaces. Consequently,
Q has d~ negative and d ™ positive eigenvalues.

(ii) The “only if” part: Let b : §* — C? be a boundary mapping for S. Then both
b and by can be considered as linear bijections from §* /S to C?. Then bbl_1 is a linear
bijection on C?. Let V be the matrix of bbl_l relative to the standard basis of C°. Then
the asserted formulas follow. All remaining claims are straightforward.

(iii) Let Q; be an arbitrary invertible self-adjoint matrix with d~ negative and
d™ positive eigenvalues. By the complex version of Sylvester’s law of inertia [34,
Theorem 6.11] Q; is conjunctive to Q. That is, there exists an invertible § x § matrix
V such that Q = V*Q;V. By (ii) the mapping b; = Vb is a boundary mapping for S
whose Gram matrix is Q. O

Remark 2.2 Let S be as in Lemma 2.1 and assume d = d~ = d*. Let g and I'; be
linear operators from S* to C?. The triple (C%, Ty, I'y) is called a boundary value
space of S* or, in more recent publications, a boundary triplet of S* if

(Cd

A To| . o« | 0 —ily
b_|:F1i|'S — (%Bd and Q_[ild 0 ] 2.3)

are a boundary mapping for § with corresponding Gram matrix, see [13, 14], [21,
Ch. 8] and [5, Ch. 2], where further references can be found. Boundary triplets give a
direct access to y-fields and Weyl functions associated with S, see [20]. Throughout
this paper we could choose and fix b and Q to be of the form (2.3) or of the form
where Q = diag(ld, —Id). A definite choice would not simplify the presentation and
therefore we follow the general formulation as in, for example, [24], [12] and [2].
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The following theorem describes the canonical self-adjoint extensions of a sym-
metric linear relation in a Krein space. These are extensions that act in the same space
as the symmetric linear relation. The Hilbert space version is well known and goes
back at least to [26, Theorem XII.4.30]. We have not been able to find more recent
references.

Theorem 2.3 Assume S is a closed symmetric linear relation in a Krein space
9, [-,-1g) with adjoint S* and defect numbers d~,d* € {0} UN.

(i) S has a canonical self-adjoint extension if and only if d~ = d™, and S is self-
adjoint if and only ifd™ =d™ = 0.

(ii) Assumed =d~ =dt € Nandletb : §* — C2? be a boundary mapping with
Gram matrix Q. The formula

A={{f g} €S : Pb({f, g} =0}

gives a bijective correspondence between the canonical self-adjoint extensions
A of S and the constant d x 2d matrices P (up to multiplication on the left by
invertible d x d matrices) satisfying

PQ !'P* =0 and rankP = d.

Proof We use the notation introduced above. Recall that (S* /S, [, ]]) is a §-
dimensional Pontryagin space with negative index d~, positive index d, and § =
d~ +dT. Let A be a closed linear relation in $j such that S € A C S*. By definition
of the inner product [-,-], A is self-adjoint if and only if A/S equals its orthogo-
nal complement in (S */S, [, ]]) Since a subspace of a Pontryagin space equals its
orthogonal complement if and only if the negative and positive indices of the Pontrya-
gin space are equal, (i) is proved.

Sinceb : §*/§ — C? is an isomorphism between (S* /S, [, ]]) and the Pontryagin
space C% with the weighted dot product y*Qx, the relation A is self-adjoint if and only
if b(A) equals its orthogonal complement in C?. Furthermore, the subspace b(A) of
C9 equals its orthogonal complement if and only if b(A) = ran M, where M is a 2d x d
matrix of rank d satisfying M*QM = 0 and ran M is its range.

Setting P = M*Q, we have d = rank P, and the condition M*QM = 0 implies
ranM = nul P and PQ™!P* = 0. Since the correspondence between A and M is
bijective (modulo multiplication on the right by invertible d x d matrices), (ii) is
proved. O

2.2 The Polynomial P(z2)

Ford € Nand ad-tuple u = (i1, ..., 1uq) € N4 with uy > -+ > ug > 1 we define,
as in [9], the canonical subspace €, of C9z] by

¢, = {[Pl(Z)-.-pd(Z)]T e Cz] : degpj(z) < uj,je {1,...,d}}
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and denote its elements by f},, g1, Oy, etc. By S, we denote the operator in &, of
multiplication by z. Its graph is given by

Su={{fu8u} € € ¢ 2@ —gu() = 0}.

The facts that €, is finite-dimensional and S, is an operator without eigenvalues play
a key role in this paper, see Subsection 4.1.

Below we recall [11, Theorem 2.1]. It shows that a canonical subspace €, arises as
the reproducing kernel space related to a certain matrix polynomial and, together with
S,., serves as a model for any finite-dimensional Pontryagin space with a symmetric
operator that has no eigenvalues, see Theorem 4.2. Furthermore, this kind of matrix
polynomials appears in the characterization of the Shtraus family of extensions of a
symmetric linear relation in a Krein space, see Theorem 4.4.

Theorem 2.4 Let d € N. Let Q be a self-adjoint 2d x 2d matrix with d positive and d
negative eigenvalues. Let P(z) be a d x 2d matrix polynomial, and for j € {1, ...,d},
let 1 j denote the degree of the j-th row of P(z). Assume that the pair (Q, P(z)) has
the following properties:

(a) P(z)Q™'"P(z*)* =0 forall z € C.
(b) rank P(z) =d forall z € C.

(c) rank Po, = d.

(d) p1=--->puq > 1

Then

(i) The reproducing kernel Pontryagin space q p with reproducing kernel defined
for z,w € C by

i

SP@QPw)* for w # ¥,

Kapz,w)= 2w 24)
iP(2)Q P for w=2z",

is the canonical subspace €, of Czl.

(ii) The operator S, is symmetric in the Pontryagin space £q,p, its defect numbers
are equal to d and its adjoint is given by

S;z = {{fﬂ,gﬂ} IS Qi D 2fu(2) — gu(z) = P(z)c for some ¢ € Czd}.
(iii) The linear relation
{{{fu, guh e} €@ x T : 2f,(2) — gu(0) = P(z)c}

is (the graph of) an operator b, p : S; — C* which is a boundary mapping
for S, with Gram matrix —Q.
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With our extension of P(z) to C by setting P(00) = Pu, conditions (b) and (c)
of Theorem 2.4 can be combined into the single requirement rank P(z) = d for all
zeC.

The inner product on €, with respect to which S, is symmetric, is determined by
the kernel (2.4). Therefore, we will often denote the reproducing kernel space Kq p by
the pair (¢,,, Kq p). The antispace of (€., Kq p) is (€., K_q,p); it will often appear
in the theorems below. In the antispace the definitions of S, SZ’ and b, p remain the
same as in the space itself. In the space (&,,, K_q p), the Gram matrix of b, p is Q.

Note that in [11, Theorem 2.1(iii)] there is a mistake: the Gram matrix Q there
should be replaced by —Q, as in Theorem 2.4(iii).

Remark 2.5 Let f,, g, € €, and ¢ € C>?. The following two equivalences follow
from Theorem 2.4(i1)(iii):

z—Mfu@) =Pk & fuenul(S;—1) and ¢ = by p({fu. A fud),
—8u(x) =P & gy emul(S)) and ¢ =by, p({0. gu}).

In system theory, a matrix polynomial satisfying property (b) in Theorem 2.4 is
called irreducible, while one satisfying property (c) is termed row-reduced; see, for
example, [29, p. 378, Section 6.3.2] and [40, Section 2.7], where irreducible column-
reduced polynomials play a prominent role. In coding theory, different terminology is
used: basic for (b), reduced for (c), and canonical when both properties hold; see [35,
Subsection 13.4.3], and also [28, p. 56], where the term minimal-basic is used when
both properties are satisfied. An analogous concept to (b) appears in control theory
under the term hyper-regular; see [30, Section 6.5.3].

By [11, Theorem 3.2] the polynomial P(z) in Theorem 2.4 also has the trivial
common null space property:

ﬂ nul P(z) = {0}. (2.5)

zeC

Equivalently, the columns of P(z) as vector polynomials over C are linearly indepen-
dent.
The following lemma concerns statements about nul P(z) foreach z € C separately.

Lemma2.6 Let P(z), u, €, Sy, S;’;, and by, p be as in Theorem 2.4, let ¢ € C* gnd
A € C. The following equivalences hold.

(i) PMc=0 <& P(z)c=(z—2)fulz) for some f, € €.
(ii) Poc=0 <& P@)cel,

Moreover,
nul P() = by, p(S} N alg,) forall 1eC,

where cole, = {0} x €.
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Proof (i) The implication <« is straightforward. To prove the converse, assume
P(A)c = 0 and define

Z_%(P(Z) — P())e, z € C\{A},
P (e, z=2

Ju@) =

Then f,, € €, and P(z)c = (z — A) fu(2).

(ii) Set Poo (z) = diag(z‘“, R z“d)Poo and R(z) = P(z) —Pwo(z). Then for every
J € {1,...,d} we have that the degree of the j-th row of R(z) is < w;. Therefore,
R(z)c € €,. It follows that P(z)c € €, if and only if

P(2)c — R(2)c = Poo(2)c = diag(z“', ce, z“")Pooc e,

Since diag(z‘“, e z”d)Pooc € ¢, if and only if Pooc = 0, the equivalence in (ii) is
proved.
The last statement follows from (i), (ii) and Remark 2.5. O

2.3 The Equation W(z2) P(z2) = P(2)V

It appears as one of the equivalent statements in Theorem 4.5. We study it and give
examples.

In the next lemma we characterize matrix polynomials whose null spaces coincide
forall z € C.

Lemma 2.7 Letd € N and let P(z) and Q(z) be d x 2d matrix polynomials of rank
d forall z € C. Then

nulP(z) =nul Q(z) forall z € C.

if and only if there exists a unimodular d x d matrix polynomial YW(z) such that
W(2)P(z) = Q(2).

Proof The proof of the “if”” part is trivial. We continue with the proof of the “only if”
part. Since P(z) has full rank for all z € C, by the polynomial Smith Normal Form
Theorem [29, Section 6.3.3] there exist a unimodular d x d matrix polynomial (z)
and a unimodular 2d x 2d matrix polynomial V(z) such that

P(z) = U@)[la V() = [Uz) V(). (2.6)
The factorization in (2.6) yields that the null space of P(z) is the range of the 2d x d

matrix V(z) ! [0 Id]T. Since nul P(z) = nul Q(z), it follows that

0
Q) V() ! [Id] =0. 2.7)
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Using (2.7) we show that the d x d matrix polynomial WW(z) defined by

-1
W) = Q)W) [U(ZO) ]

has the asserted property:
U -1
WERPE) = Q)W) [ (Z) } (U o]
_ —1|la O
= Q()V(2) [0 0} V(z)
s O
= 2)V()"! [ ¢ } V(@)

0 Iy
= 9(2).

Since Q(z) has full rank for all z € C, so does the d x d matrix polynomial W(z).
It follows that the determinant of W(z) is a polynomial without zeros, yielding that
WI(z) is unimodular. O

Lemma 2.8 Let P(z) be a d x 2d matrix polynomial satisfying (b)—(d) of Theorem 2.4.
Let W(z) be a d x d matrix function and let V be an invertible 2d x 2d matrix such
that

W(2)P(z) = P(2)V. (2.8)

Setting 1(z) = W(2)P(z) we have:

(i) Too =PV, rank Too = d, and for j € {1, ..., d} the degree of the j-th row of
T1(z) is ;.

(ii) The matrix function W(z) is a unimodular d x d matrix polynomial and the
degree of the scalar polynomial w ji(z) in the j-th row and the k-th column of
WA(z) satisfies the inequality

deg(wjk(z)) <uj—px forall j kell, ... d}. 2.9

(iii) There exists an invertible d x d matrix W such that WPso = Too.

Proof (i) The statements follow from rank (P,,V) = d and the existence of the limit

lim diag(z ™1, ...,z 7")T(z) = PocV,
77— 00
see (1.2).
(ii) Since V is invertible, for every z € C the matrix W(z)P(z) in (2.8) has rank d.
Therefore, for every z € C the matrix WV(z) is invertible. The identity in (2.8) implies
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nul P(z) = nul (P(Z)V) forall z € C. By Lemma 2.7 there exists a unimodular matrix
polynomial W (z) such that W (2)P(z) = P(z)V. Now (2.8) and the fact that P(z) has
full rank for all z € C imply that WW(z) = Wi (z) is a unimodular matrix polynomial.

Since P(z) has properties (b) and (c) of Theorem 2.4, by [31, Theorem A.2] it has
the predictable degree property: For every u(z) = [ul(z) e ud(z)] e C'™[z] we
have

deg(u(z)P(z)) = max{uk + deg(uk(z)) kedl,..., d}}.
Applying this property to each row of 7(z), for every j € {1, ..., d} we obtain
deg(’]’(z)|j) = max{,uk +deg(wjk(z)) ckefl, ...,d}},

where 7(z)|; denotes the j-th row of 7(z). Since by (i) this maximum equals  ;, (2.9)
follows.

(iii) Consider in C¢ the linear relation W = {{Psox, Toox} : x € C?>?}. Since
rank P, = d, the dom W = C?. From the equivalence between the equalities in the
chain of equivalences

Poox =0 & Pl)xel, by Lemma 2.6
& W@P@Rx ey by item (ii))
& Txed, by definition of 7(z)
& Tex =0 by Lemma 2.6
it follows that W is the graph of a bijection on C4, hence Ty = WP4. |

The next theorem is an addendum to [10, Theorem 6.2]. There we considered a
linear bijection on €, that intertwines S, and now we assume that it also intertwines
S*.

"

Theorem 2.9 Let Q P(z), i, €, Sy, Kqp, and S}, be as in Theorem 2.4.

(i) Let W : €, — &, be a linear bijection. Then

WS, =S,W and WS} =S;W (2.10)

if and only if there exists a unimodular d x d matrix polynomial YW(z) and an
invertible 2d x 2d matrix V satisfying

W(z)P(z) = P(z)V (2.11)
such that

Wi (@) =WQ@) fu(z) forall f, €€, (2.12)
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(ii) Assume (2.11) and (2.12). Then
W (€, Kqp) > (€4, Kq,p)
is an isomorphism if and only if Q = V*QV.
Proof (i) Assume (2.10). By [10, Theorem 6.2] and the first equality in (2.10) there
exists a unimodular d x d matrix polynomial Y}(z) such that (2.12) holds. The algebra

of linear relations yields that the equalities in (2.10) are equivalent to: For all f,,, g, €
¢, we have the equivalences

{fu-gut €Sy & {(Wf, WguleS,

and

{furgu) €85 & (Wf. Wgu)e Sk (2.13)

They show that, like b, p, also b, p({W-, W-}) is a boundary mapping for S,,. Hence
Lemma 2.1(ii) implies the existence of an invertible 2d x 2d matrix V such that

bM,P({Wf/u Wgu}) = Vbu,P({f/u gu}) for all {f/u g/L} € S;i‘ (2.14)

By Theorem 2.4(ii),(iii) and (2.12) the equivalence in (2.13) can be restated as

2fu (@) — 8u(2) = P@bup({ fiu, gu))
& WVQ@) ful@) —W@gu (i) = P)b p({W ., Wgub).

Multiplying the left-hand side by ¥(z) and using (2.14) we obtain
W(Z)P(Z)bu,P({fus gu}) = ’P(Z)Vbu,P({fu’ gp.}) for all {fp.a gp.} € S;-

Since b, p : SZ — €% is a surjection, this implies (2.11).

To prove the converse, assume (2.11) and (2.12). Then by Lemma 2.8, (2.9) holds.
By [10, Theorem 6.2] (2.9) yields that the first equality in (2.10) holds as well. To
prove the second equality, we use the following implications

{fus gp,} € S; =1> pr,(Z) - gp,(z) = P(Z)b/L,P({fu» g,u})

=t W(2) f1u(2) = W(2)gu(2) = P(2)Vby p({ fiu> 8u))
3

=

{(Wi., Wgut e S;.

The implication :1> follows from Theorem 2.4(ii) and (iii), =2> follows from (2.11) and
:3> follows from Theorem 2.4(ii). These implications are in fact equivalences since
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W . &, — €, isalinear bijection. This proves (2.13) and hence the equivalent second
equality in (2.10).

(i1) To prove the last statement of the theorem, assume (2.11), (2.12), and set
1(z) = W(z)P(z). By Lemma 2.8(iii) and [10, Theorem 10.4] the operator W is
an isomorphism between €, = (€, Kq p) and €, = (€, Kq 7.

Assume Q = V*QV. Since Q = V*QV is equivalent to Q™' = VQ~!V*, (2.11)
implies that Kq 7(z, w) = Kq p(z, w). Hence, the reproducing kernel spaces fq p
and Rq 7 coincide, and thus W is an isomorphism on €, = Rq p = (€, Kq,p).

To prove the converse, assume that W is an isomorphism on €, = fq p. Since W is
also an isomorphism between €, = Rq,p and €, = Rq, 7, the two reproducing kernel
inner products on €, coincide. Hence the adjoints of S, in RKq p and Rq 7 coincide.
It follows from Theorem 2.4(ii)(iii) and (2.11) that

P(2)by,p = T(2)b,, 7= P(z)Vb, 7 forall zeC.

Formula (2.5) now implies that b, 7 = V~'b,, p. Since —Q is the Gram matrix for
b, p as well as for b,, 7, by Lemma 2.1(iii) there exists an invertible 2d x 2d matrix
U such that b, 7= U~'b,, p and Q = U*QU. It follows that U = V and Q = V*QV. O

2.4 Examples

In all examples, Q is a self-adjoint 2d x 2d matrix with d positive and d negative

eigenvalues and P(z) is a d x 2d matrix polynomial such that the pair (Q, P(z)) has

the properties (a)—(d) of Theorem 2.4. Recall that the degree of P(z) is p = u1 > 1.
In each example below we study the solution of the equation

W(2)P(z) = P(2)V, (2.15)

where P(z) is known, and the unknowns are a unimodular d X d matrix polynomial
W(z) and an invertible 2d x 2d matrix V. It is evident that for any € C\{0}, the pair
W(z) = alg and V = alr, forms a solution, which we call trivial. In the next example
and Example 2.12, we present cases where P(z) admits only the trivial solution.

Example 2.10 We determine the solution of (2.15) in the case d = 1. Then W(z) is a
scalar polynomial which we denote by w(z). By Lemma 2.8(ii) w(z) is unimodular
and hence equal to a nonzero constant which we denote by a. The equation (2.15)
becomes P(z) (V — aly) = 0. Now (2.5) implies V = al,. Therefore, for every pair
(Q, P(z)) satisfying the properties (a)—(d) of Theorem 2.4 with d = 1 the equation
(2.15) has only the trivial solution.

Next, we reformulate (2.15) as a matrix equation. If W(z) satisfies (2.15), then by
Lemma 2.8(ii) deg W(z) < p — 1. Consequently, YW(z) can be expressed as

W) =Wo+---+W,_12P7 !, where Wy e C™? forall ke {0,...,p—1}.
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Define the 2pd x 2pd block Toeplitz matrix W as follows:

™ Wy 0O --- 0 O ---0 O
W, Wy --- 0 0O ---0 0
Wyt Wy -+ W 0O ---0 0

0 Wy_y--- Wy Wy --- 0 0

0 0 W,y W,---Wy 0
0 0 - 0 W,q--W; Wy

Formally, for j, k € {1,...,2p} the d x d block in j-th block-row and k-th block-
column of Wis W;_ if j —k € {0, ..., p — 1} and O otherwise.
The identity in (2.15) can now be expressed in matrix form as

WCp = CpV, (2.16)

where Cp is the 2pd x 2d coefficient matrix of P(z), with the coefficients of powers
of z greater than p being the zero matrices.

From (2.5) and (1.1), it follows that the matrix Cp has linearly independent columns.
Therefore, the matrix lpp; — Cp(C;‘DCP)_lC}’; is the orthogonal projection onto the
orthogonal complement of ran(Cp), the range of Cp, in the Euclidean space C27¢.
Applying this orthogonal projection to both sides of (2.16) results in the equivalent
matrix equation for W:

<|2pd - CP(C%CP)_IC;;)wcP = O02pdx2d-

Solving the preceding matrix equation for the pd? unknown entries of W, we determine
that the matrix V, which satisfies (2.16), is given by

V = (ChCp) ~ CHWCp.

If the leading coefficient of P(z) has full rank, thatis u = (p, ..., p), Lemma2.8(ii)
implies that W(z) is a constant invertible d x d matrix Wy. In this case (2.16) simplifies
to

(Ip+1 ® Wo)Cp = CpV,

where Cp is the (p + 1)d x 2d coefficient matrix of P(z).
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Example 2.11 Let P(z) be a d x 2d matrix binomial of degree p and assume that
the pair (Q, ’P(z)) satisfies conditions (a)—(d) of Theorem 2.4. These conditions are
equivalent to the following four conditions:

P(z) = Po + PPZP,

the 2d x 2d matrix EO is invertible, POQ_lP(’; = PpQ_lP; =0, and iP,,Q_lP(’; is
p

an invertible self-adjoint d x d matrix.

Since in this case © = (p, ..., p), ift W(z) satisfies (2.15), then Lemma 2.8(ii)
implies W(z) = Wy, that is, it is a constant invertible matrix. Then (2.15) takes the
form

WoP(z) = P(2)V, (2.17)

L)

] is invertible, the solution for Wy and V of (2.17), and thus of (2.15), is

—1
Po Wo 0[P

V= for all invertible W, € C4*4,
P, 0 Wl [P,

Block matrix calculations show that

or, equivalently,

Since [PO
Pp

VFQV =Q & Wo(iP,Q 'PE)W = iP,Q P,
The kernel associated with P(z) is

p—1
Kqp(z, w) =iP,Q P} Zzp_l_kw*k, z,w e C.
k=0

The corresponding reproducing kernel Pontryagin space is the pd-dimensional space
C?z]- p- Its negative and positive index equal to pd/2, if p is even. If p is odd, the
negative index is (p — 1)d /2 + e_ and the positive index is (p — 1) pd /2 + e, where
e_ denotes the number of negative and e denotes the number of positive eigenvalues
of the self-adjoint d x d matrix iP,Q~!Pj.
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Example 2.12 Consider the 2 x 4 matrix polynomial

—

0 2z 722 1
P@=|

Z 0 z

o
I
.
o
o

This pair satisfies conditions (a)—(d) of Theorem 2.4.
Since in this case P; = P, Lemma 2.8(ii) implies that Y\/(z) is a constant invertible

2 x 2 matrix. That is, W(z) = Wy. To find Wy we need to solve

(Is = Cp(CHCP) ™' C) (13 ® Wo)Cp = O (2.18)

Setting Wy = [Z Z] and calculating (2.18) yields

b = 0 Ya-ad)]
0 o 0 0
0

fa—d) -3¢ b

1 1 = Ogx4.
0 0 0 0
[ 0 5@-a) 5¢ —5b |

Hence, the only solution of (2.11) is the trivial solution Wy = al, and consequently

V = aly witha € C. _
For a matrix V = al4 to satisfy V*QV = Q we need a = ¢'¥ with s € R. Thus the

only solution for (2.11) which satisfies V*QV = Q is the trivial solution
V=¢"l; and W(z) =el, with s €R.

The kernel associated with P(z) is

w* —

2 *— 7
KQJJ(Z, w) = — , Z,W € C.
z —w*  zw*

The corresponding Pontryagin reproducing kernel space is the 4-dimensional space
C?[z] <2 with the negative index 3 and the positive index 1.
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Example 2.13 Consider the 3 x 6 matrix polynomial P(z) and the 6 x 6 matrix Q as

follows:
1 0 2241 0 —z =72
P)=|2z 22 22 1 -2 -1,
0 1 0 Z 0 -z

This pair satisfies conditions (a)—(d) of Theorem 2.4 and we studied it in [10, Exam-

ple 12.2].

i
0

—

S O O O O

o o o O

[

Wolfram Mathematica gives the following solutions for (2.15):

¢ 0 0 —b a b]
0O ¢ 0 O 0 O
c
0 a ¢ b —a-b
V= , W@ =10
—2a —-b—-2a ¢ 0 O 0
0 0 0 —2a ¢ 2a
|—2a —=b—-2a 0 0 c |

where a, b, ¢ € C with ¢ # 0. Substituting V into the equation V*QV = Q and solving,

we obtain a Q-unitary V,

az a+ bz?
c 2az
0 c

o O O o O

o = O O O

[ 1 0 0 o2—if ia —a?+if]
0 1 0 0 0 0
v g 0 o 1 —a?+ip —ia o?—iB
—2ia o —if —2ia 1 0 0
0 0 0 —2ia 1 2ia
| —2ix @ —ip —2i¢ 0 0 1

and the corresponding W(z),

1 oz ia+ (—a? +iB)z>
We)=e* |0 1 Qiaz ,
0 0 1

where s, o, f € R.
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In this example d = 3 and u = (3, 2, 1). The kernel associated with P(z) is

—zw*(w*4+2z) w*—z z
Kqp(z, w) = — z—w* 2zw* 0|, z,weC.
(w*)? 0 0

The corresponding Pontryagin reproducing kernel space is the 6-dimensional space
(Clz]<3) ® (Clz]l<2) @® C with the negative index 2 and the positive index 4.

3 The Coupling Theorem and Shtraus Subspaces
3.1 The Coupling Theorem

The Coupling Theorem formulated below is a copy of [12, Theorem 5.1]. A similar
theorem for boundary triplets appeared in [18, Theorem 6.4], [19, Theorem 5.3] and is
subsequently generalized in [33]. It is formulated in a Krein space setting. We leave to
the reader the straightforward reduction to the original Hilbert space version, applying
fundamental symmetries as in Subsection 2.1.

Theorem 3.1 For k € {1,2} let S be a closed symmetric linear relation in a Krein
space (i, [-,-15,) with defect numbers d,_, d,j' € {0JUN, 6 =d; + d,j'.

(i) S) @ Sz has a canonical self- adjomt extension A in the direct sum Krein space
f) 91 D Hy such that A ﬂﬁk = S forall k € {1, 2} if and only if

df =dy and d; =d. 3.1

(ii) Assume that L3.]) holds. If Sy (S2) is seb‘-agjoint in 91 (92), then S> (S1) is
self-adjoint, A in (1) is unique and given by A = S1 & S».

(iii) Assume that (3.1) holds and that S| and S»> are not self-adjoint. Set § = §; =

8 €N Letby : S — C? be a boundary mapping for Sy with Gram matrix Qy,
k € {1, 2}. The formula

A= l|:f1i| {gl:“ (A g} € SEUf gl €85, o)

2] & bi({f1, g1}) + Tba({f2, g2}) =0
gives a bijection between all canonical self-adjoint extensions A of S1® S in
H1 D Hy with AN S’),% = Sk, k € {1, 2}, and all § x § invertible matrices I" with

Q +TIr*QIr' =0. (3.3)

Note that we do not assume that the resolvent set ,o(A) of A is nonempty. The
operator A defined by (3.2) with I" satisfying (3.3) will often be denoted by Ar
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The defining relation in (3.2) and formula (3.3) can be written as

bi({ /1, &1} Q' o [Ls]
ls T =0 and [IsT | =o.
[ ][bz({fz,gz})} and [ ][ 0 le} r

According to Theorem 2.3, these equalities show that A is indeed a canonical self-
adjoint extension of S| & Sy in H = H| & Hs.

3.2 The Family of Shtraus Subspaces

The self-adjoint relation Alinthe Coupling Theorem can also be viewed as an extension
in the direct sum space )| @ $; of the symmetrlc linear relation S; in the smaller
space $1 and then $); is called the exit space of A. It is often with this in mind that
one associates with A the following family of linear relations T3(z), z € C:

{{fl,gl} : l[ﬁ}{&“ € A, gz—Zfz=0},ze(C,
e

T;(z) = 3.4

{{fl»gl} : ”ﬂ}{&“ €A, fzzo}, 7 = 00.
VARES

In[23]itis named after A.V. Shtraus [37, 38] and called the family of Shtraus subspaces
associated with A. It is studied in for example [22], [23], [18, 19] and [25]. Each
member of the family is a kind of compression of A'to ) and satisfies S| C T3(2) C
Siforallz € C. For this reason the family is also called the family of Shtraus extensions
of Siassociated with A. The inclusions and the fact that dim ST/S1 =2d withd e N
imply that all members of the family are closed. For z € C we have the resolvent
relations

(Tx(x) — 21s,) " = i{gl —zf1, fi} : H;ﬂ[gj' €A g—zH= 0},

- =[S ()

and hence the first resolvent coincides with generalized (or compressed) resolvent of
the associated self-adjoint relation:

(T3 —2ls,) " = Py, (A—z2lg) [, zeC.

where 1355] is the orthogonal projection in $ onto $1. The linear relation T3(c0) is
the compression of A to 1 and often written as

Cy,(A) :=Tz(c0) = Py, A ‘dom(/?mﬁu)‘
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It can be viewed as the formal limit

T3(00) = lim T5(1/2) = lim | {Po . 5,3} : {7 3} € & i~ T e 1.

If dim 9, € N, then, by the indefinite ver~sion [3, Theorem 4.1] of W. Stenger’s
lemma [39, Lemma 1], the compression Cg, (A) is self-adjointin ). The compression
has also been studied, for example, in [23], [32], [1], and [25].

3.3 A Polynomial Description of Shtraus Subspaces

When one of the components in the Coupling Theorem is a canonical subspace, the
family of Shtraus subspaces admits a polynomial description.

Theorem 3.2 Let d € N and let Q) and Q be self-adjoint 2d x 2d matrices with d
positive and d negative eigenvalues. Let ()1, [, 1g,) be a Krein space and let S be
a closed symmetric linear relation with defect numbers equal to d and a boundary
mapping by : S} — C?*? with Gram matrix Q. Let P(z) be a d x 2d matrix polynomial
such that the pair (Q, P(z)) has the properties (a)—(d) of Theorem 2.4 and let u, €,
Sy, Ka,p, SZ, and b, p be as in Theorem 2.4.

Let §r be the linear relation in the Krein space §) ® (QIM, KQ,p) defined by

B = l[ﬁ} [glﬂ {181} € ST gud € 5] 3.5)
Jul |8u bi({f1, g1} + Ty p({fu, gu}) =0
where I is an invertible 2d x 2d matrix such that —Q + I'*Q{I" = 0.

Then Er is self-adjoint in the Krein space £1 ® €, Er N Sﬁ% =5, Er N Qi =S,
and the family of Shtraus subspaces associated with Br is given by

7500 = {(fi.1) € ST : POTbul{f1, 1) = 0] forall xeT. (6)

Proof The linear relation By is self-adjoint by Theorem 3.1(iii). The equalities for S
and S, follow immediately from (3.5) and the definition of a boundary mapping.

We prove (3.6) for A € C. According to the definition in (3.4), { 1, g1} € TEr ()
if and only if { f1, g1} € S} and

Af, € €, suchthat {f,, Af,} € Sy and bi({f1. g1} + by p({fu. Afu}) = 0.

By Theorem 2.4(iii) the latter holds if and only if { fi, g1} € S} and

3f, € €, suchthat (z — 1) f,.(z) = P()bup({ fu, L fu}) = —PT oi({ f1, &1}).

By Lemma 2.6(i) this is equivalent to { f1, g1} belonging to the right-hand side of (3.6).
This proves the equality (3.6).
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We now prove (3.6) for A = oo. By (3.4), {f1. 81} € T.(c0) if and only if
{f1, g1} € S} and

dg, € €, suchthat {0, g,} € S; and bi({f1, &1) + I'b,,»({0, g,.}) = 0.

By Theorem 2.4¢(iii) the latter holds if and only if { f1, g1} € S} and

g, € €, suchthat —g,(z) = P(2)b, p({0, g,}) = —P@)T 'bi({ f1, g1}

Thus, {f1, g1} € T, (co) if and only if { f1, g1} € ST and PRI o1({ f1,81) € .
By Lemma 2.6(ii) this condition is equivalent to the equality in (3.6) for A = c0. O

4 Main Results
4.1 Main Assumptions

In this paper we study the families of Shtraus subspaces associated with the self-adjoint
extensions A described in the Coupling Theorem 3.1. Thereby we make the following
main assumptions:

dim$,; € N and o,(5) =0. 4.1

By 0, (52) we denote the point spectrum of S5 in C; by definition oo € 0, (S>) if and
only if S, is not an operator.

The assumptions (4.1) are related to the requirement that A is minimal with respect
to Ql, or that A and 91 are closely connected (see [23, p. 462]), which means that
p(A) # ¥ and

o :Spﬁ{u—i—(g—zlﬁ)71v U, VEN, zE€ p(Z)ﬂ(C}.

In fact, the following result holds.

Proposition 4.1 Let A bea self-adjoint relation with p(ZN) *@in 5 =91 D N, the
direct sum of the Krein spaces 1 and 9>, and set S = AN 5’)%.

(i) IfX is minimal with respect to )1, then op(S2) = 0.
(ii) If (4.1) holds, then A is minimal with respect to 9.

Proof We use that p(Z) is symmetric relative to the real axis: for all z € C we have
z € p(A) if and only if z* € o(A).

(1) Assume 0,(S52) # ¥ and A € 0,(S2). If 2 = oo, then there exists f2 # 0 such
that {0, f>} € S>. Then {0, fo} € A and, consequently, (A — z[g)_lfz = 0 for all
z € p(Z) N C. Therefore, for all u, v € $H; and all z € p(K) N C we have

[+ (A= 215) v olg = [v. (A~ <l5) " fo]5 =0,
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proving that A is not minimal. B

If » € Cand A € 0,(S2), then A gé{,o(A) and there estts f> # 0 such that
{f2, Afo} € Sp. Consequently, A* ¢ p(A) and {f2, A f2} € A. Furthermore, for all
7 € p(A)N (Ewe have (Z - z*Ig))_lfz = #fz. Therefore for all u, v € $; and
for all z € p(A) N C we have

1
A —

[+ (A=215) v plg = 77— [ S5 =0,

proving that A is not minimal. Thus, we proved that 0,(S2) # ¥ implies A is not
minimal, which is equivalent to (i). ~

(i1) Assume that dim ), € N and that A is not minimal. Then there exists gen
such that g # 0 and

[u + (Z— zlg)_lv, 5]5 =0 forall u,ve$; andforall z e ,o(g) NnC.
Then [u, §]5 =0 forall u € ;, implying that g € $),, and
[v., (X— z*Iﬁ)_l§]§) =0 forall ve$ andforall ze p(X) NC.

Therefore, for all z € p(A) N C we have (A — zlg)_lg € 9.
Set

M = span({g;} U {(;f— 215)71§ :zep(A)NC })

Since the spanning set for 901 is a subset of §),, we have that 91 is a nontrivial finite-
dimensional cloied subspace of $);.
Let w € ,o(A) N C. Next we will prove that 91 is invariant under the resolvent

(A - u)lgj)*l. It is sufficient to prove that (A — wl;j)fl maps the spanning set for
M into M. It is clear that (A — wlg,)*lg € 9. Recall the resolvent identity [8,

Proposition VI.1.4]:
(A - wlgj)_1 — (A - 215)_1= (w—2)(A - wlﬁ)_l(g— ZIS';))_l,
which implies that for z € p(g) N C such that z # w we have

- i~ ~ 1 ~ Cle e _
(A—wlg) 1(A—115) lg: — ((A—wI;)) 1g—(A—zISg) Lg) e M.
4.2)

Taking the limit as z — w in (4.2), by the continuity of the resolvent, see [8, Theo-
rem VI.1.7], the element of 9 in (4.2) converges to

(A—wig) '(A-wiz) 'gem,



Operators Without Eigenvalues in Finite-Dimensional Vector Page250f34 201

which is an element of 9t since I is closed. Thus, (AV — wlg)_lim C M.
Since dim 9t € N, the restriction of (Z —wl 5)_1 to 901 has an eigenvalue u € C
and a corresponding eigenvector f, € M\{0}; that is (K - w[g)_lfz = uf>. Thus

{nfo. (wu+ D} e ANHS = S.

Now, either 0o € 0,(S2) (if © = 0) or (w + 1/u) € 0,(S2) (}fu # 0), proving that
0,(82) # 0. In conclusion, we proved that dim §); € N and A is not minimal imply
0, (S2) # 0. This implication is equivalent to (ii). O

The main assumptions (4.1) rule out the possibility that A takes the form described
in part (ii) of the Coupling Theorem 3.1. Specifically, since in part (ii) the operator S»
is self-adjoint, (4.1) implies that S, being an operator, is densely defined and hence
everywhere defined on )7, as £ is finite dimensional. Consequently, S> must have
an eigenvalue, which contradicts the second part of (4.1). Therefore, we shall only
consider the case where A = Ar, as described in part (iii) of Theorem 3.1.

The main assumptions (4.1) and [10, Lemma 3.4] imply that the defect numbers of
S> are equal and nonzero, hence all four defect numbers of S; and S, are equal to the
same number d € N, say, that is,

d=df and 5=05 =2d forall kef{l,2}. (4.3)

Finally, the main assumptions (4.1) also imply the existence of a d x 2d matrix
polynomial P(z) as in Theorem 2.4 with which we construct a canonical subspace
model (€, S,,) of the pair (£2, S2), see Theorem 4.2. The model in turn is used to
describe the Shtraus family in terms of P(z) and the parameter I" from (3.3), see (4.7)
in Theorem 4.4.

4.2 The Model Theorem

In this section we use the notation of Theorem 2.4. The following result, which we call
the Model Theorem, states that the quadruple (QM, K_qp, Sy, bu,p) is a model for
((’5, [-,-]s, S, b) under the assumptions analogous to (4.1): dim & € N and 0,(S) =
@.

Theorem 4.2 Let (8, |-, 1s) be a finite-dimensional Pontryagin space and let S be a
symmetric operator in & without eigenvalues. Then the defect numbers of S coincide
and are equal to d = codim(dom S). Let b : §* — C?? be a boundary map for S
with Gram matrix Q. Moreover, S is nilpotent.

Let m denote the nilpotency index of S, and define

8; =dim(dom $'7), je{l,....m+1}, (sothat$ =dim®, 8,4 = 0).
Let i = (1, L2, ..., a) be the d-tuple with entries

wi=#{ief{l,...om}:8 —8ip1 = j}, je{l,....d},
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sothat uy > -+ > ug > 1.
Then there exists a d x 2d matrix polynomial P(z) such that the pair (—Q, P(z))
satisfies (a)—(d) of Theorem 2.4 and there exists an isomorphism

@ (6,1-,-16) = (€ K_q.p)

such that:

(a) ®S =S, P, and
(b) forall{f, g} € S* we have {® f, Og} € S; andb({f, g}) = b, p({®f, Pg}).

The matrix polynomial P(z) is unique up to multiplication on the left by a unimod-
ular d x d matrix polynomial W(z) = [wjk (z)]‘j. v satisfying (2.9).

The theorem implies that the positive (negative) index of & is equal to the number
of positive (negative) squares of the kernel K_q p in (2.4), dim® = Z‘;:] wj and
the nilpotency index of S equals m = pu; = deg P.

Remark 4.3 Concerning more general models, in [16, Theorem 3.3] a model is pre-
sented of a closed simple entire symmetric operator in a Pontryagin space as the
multiplication operator by the independent variable in a de Branges-Pontryagin space
determined by an entire de Branges d x 2d matrix function P(z) (not necessarily a
polynomial) and Q = diag(ld, —Id). For this case the formula analogous to S in
Theorem 2.4(ii) is given in [15, Theorem 4.3] in terms of P(z). We refer to [17] for
isometric analogs of results in [15] and [16].

Proof of Theorem 4.2 By [10, Theorem 11.1] there exists a d x 2d matrix polynomial
7(z) such that the pair (—Q, 7(z)) satisfies (a)-(d) of Theorem 2.4. Hence K_q 7is
well defined, and there exists an isomorphism

®:(8,[-,ls) = (€4, Ko7 (4.4)

such that ®S = S, ®. Taking the adjoint of both sides of &S5 = S, ®, and using ®* =
&~ ! we obtain ®S§* = S;,®. Hence for all {f, g} € S* we have {® f, dg} € §};.
Consequently, the mapping defined by

bi({f. g} =bu1({Pf, g}

is defined for all {f, g} € S*, it is linear and surjective with nulb; = S. Hence by
is a boundary mapping for S. Using the fact that ® is an isomorphism and that, by
Theorem 2.4(iii), Q is the Gram matrix of b, 7 we have

i([f. Kl — [g, hls) = i([®f, Ple, — [Dg, Phle,)
— by, 7({Ph, Pk})*Qb,, 7({D f, Dg))
= by({h, k))*Qb(( £, g})
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forall {f, g}, {h, k} € S*, proving that Q is the Gram matrix of b;. Thus the boundary
mappings b and b; for S have the same Gram matrix Q. By Lemma 2.1(iii) there exists
an invertible 2d x 2d matrix V such that V*QV = Q and

b({f, gD =V 'bi({f, gh =V 'b, 7{®f, g}) forall {f,g}e S*. (4.5)

Define the matrix polynomial P(z) by P(z) = 7(z)V. Since V is invertible, the pair
(—Q, P(2)) has properties (a)—(d) of Theorem 2.4. The equality V*QV = Q implies
that K_q p(z, w) = K_q,7(z, w). Hence ® from (4.4) is an isomorphism between
the Pontryagin spaces (&, [-,-]e) and (Q:;u K,Q,p) and (a)) holds.

From the definition of P(z) and the defining formula of the boundary mapping for
Sy, in Theorem 2.4(iii) we deduce that for all { f, g} € S*

(@) (@) — (Pg)(2) = T)by 7P f, Pg))
=PV b 1((D f, Dg)),
hence V_lbﬂj({de, dg}) = b, p({® f, Pg}). It follows from this equality and (4.5)
that (b)) holds as well.

We prove uniqueness. Let S(z) be a d x 2d matrix polynomial such that the pair
(—Q. S(2)) has properties (a)—(d) of Theorem 2.4 and let

V(& [ ]e) > (€, K_qs)
be an isomorphism for which (a)) and (b)) hold. Set W = W~ ! Then
W (€, K_qp) — (€4, K_qs)

is an isomorphism, and it follows from (a)) that WS, = S, W. Moreover, it follows
from (b)) that

bu,'P({f/u gulh) = bu,,S({Wf/u Wgu)) forall {f,, g.}e€ S;i- (4.6)

By [10, Theorem 6.2] there exists a d x d unimodular matrix V(z) which satisfies
(2.9) and such that W is the operator of multiplication by WW(z). Again from the
defining formula of the boundary mapping for S, in Theorem 2.4(iii) and from (4.6)
we obtain that for all {f,,, gu} € S,

W@RP@)bu p( fus gu)) = 2V@) fu(z) — W(2)gu(2)
= S(@)by,sUW fu, Wgu})
= S(@)by P({ fiu, gub)-

Since b, p : SZ — CXiga surjection, this implies that S(z) = W(z)P(2). m|
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4.3 Shtraus Subspaces in Terms of P(z) and I

We now come to the first main result of this paper.

Theorem 4.4 Assume that in the setting of the Coupling Theorem 3.1(iii) we have
dim 9, € N and S is a symmetric operator without eigenvalues. Then the defect
numbers of Sy and Sy are all equal to d, so that (4.3) holds: d = d;, = d,j and
Or = & = 2d fork € {1,2}. Let P(z) be ad x 2d matrix polynomial such that the pair
(—Qz, P(z)) satisfies (a)—(d) of Theorem 2.4 and (Qﬁﬂ, K_q,p, Sy, bﬂ”p) is a model
for the quadruple (5"32, [-,:19,, S2. b2) as in Theorem 4.2. Then the family of Shtraus

subspaces associated with Ar defined in (3.2), where T satisfies (3.3), is given by the
formula

T3.0) = {{fl,gl} e St PO 'by({fi. g1h) :0} forall »eT. (47)

Formula (4.7) does not maintain the bijection between the families of Shtraus
subspaces defined by the self-adjoint extensions Ar in the Coupling Theorem 3.1(iii)
on the one hand and the matrices I' in (3.3) on the other hand. The reason is that the
family of Shtraus subspaces in (4.7) is characterized as a nulspace involving P(A)I"~!
Ty (0) = nul(P(A)F_lbl) where P(A)I'~'b; is a mapping from S} to C“. Finally
note that if Tz.() is also described as the null space

T7.(1) =nul(T(M)by), 1€C,
for some d x 2d matrix polynomial 7(z), then
nul(PO)I ") = b(T5.(4)) =nul 7(1), € C.

Hence, by Lemma 2.7 there is a unimodular d x d matrix polynomial Y/(z) such that
W(2)T(z) = P(z)I L.

Proof of Theorem 4.4 Let A € C. By the definition in (3.4), {f1, g1} € T i (1) if and
only if { f1, g1} € S} and

3f> € H suchthat {fo, A fo} € S5 and bi({f1, g1}) + Tba({ f2, A f2}) = 0.
4.8)

In the proof of Theorem 3.2 we proved that { f1, g1} € T3, () ifand only if { f1, g1} €
ST and

3f, € €, suchthat {f,, A f,} € SZ and bi({f1, g1}) + b, p({ fu, 2 fu}) = 0.
4.9)

According to the Model Theorem 4.2, there exists an isomorphism

@ (92,[+,-19,) = (Cus K-, P)
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such that { 2, g2} € S5 if and only if {® f>, Pg>} € §); and furthermore

ba({ f2. £2}) = b p({® f2, Pg2}) forall {f2, g2} € S5.

This implies that (4.9) and (4.8) are equivalent. Consequently, T;r i) = Tgr (A) for
all A € C. Similarly, Tgr (o0) = Tgr (00). With these equalities, the theorem follows
from Theorem 3.2. O

4.4 Five Equivalent Statements

Theorem 4.5 Assume the setting of Theorem 4.4. Let T" and A be invertible 2d x 2d
matrices satisfying Q +I'*QI" = 0 and Q; + A*Q A = 0. The following statements
are equivalent.

(i) Forall & € C we have Tz, ) =Tz.().
(ii) There exists an isomorphism V : $, — $)7 such that SV = VS, and

(In, ® V) Ar = Ap (I, ® ).

(iii) There exists an isomorphism W : (@M, K_QZ,P) — ((‘:M, K_Qz’j)) such that
WS, =S,W and

(I, ® W)Br = Ba(Iy, @ W), (4.10)

where Er and EA are self-adjoint relations introduced in (3.5) in the Krein space
91 @ (€. K_q,.p).
(iv) There exists a d x d matrix polynomial W(z) such that

W()P(z) = P(2)V, 4.11)
where V. = A™'T satisfies V*QV = Qo.

(v) There exists alinear bijection © : $5 — $p suchthat ©S, = $0, OS5 = S50
and

Aby({® fr, ©g2}) = Tba({ f2, g2}) forall {f2, g2} € S5.

If any of the above equivalent statements hold, then T (o0) = Tz, (00).

Proof Throughout the proof, we use the notation from Theorem 4.4 and its proof.
First we introduce an isomorphism that will be used in several items in this proof.
Since the quadruple (€., K_q, P, Sy, by p) is a model for (92,[-, 1s,. $2, b2) as
in Theorem 4.2, there exists an isomorphism

@ (92,[+,-19,) = (Cus K-, P) (4.12)
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such that 55 = S/ ® and ba({ /2, g2}) = by, p({P f2, Pg2}) for all { f, g2} € S5.
Then

I 8P : 91BH — H$10 (Q:;u Ksz,P)

is an isomorphism of Krein spaces such that for every I satisfying Q; + '*Q;I" =0
we have

Br(Is, © ®) = (I, ® ®)Ar,

where Er is defined in (3.5) and AVF is defined in (3.2). Since the only boundary
mapping for S, in this proof is b,, p, we abbreviate it as b,,. By Theorem 2.4 its Gram
matrix is Q».

(iv)=>(iii). Assume (iv). Then W(z)P(z) = P(z)V and V*Q,V = Q. Since V is
invertible, Lemma 2.8(ii) implies that WW(z) is unimodular. By Theorem 2.9 it follows
that the operator

w: (Q:IJ-’ K_Qz’p) — (Q:IJ-’ K_Qz’p) (4.13)

of multiplication by WW(z) is an isomorphism such that WS, = S, W and WS} =
S, W.
To prove (4.10) we first prove: For all { f,, g.} € S:j we have

Vbu({fu» gu}) = bu({quv Wgu})- (4.14)

By the definition of the boundary operator b,, in Theorem 2.4(iii) the following iden-
tities hold for all {f,., g.} € S};:

P@bu(W fyus Weuh) = V(@) fu(2) = W), (2)
= W@ P@bu({ fus gu})
= P2)Vbu({ fu. gu})-

which, by (2.5), yields (4.14). Now equality (4.10) can be obtained as follows:

(IH1 @ W)Er (IHl ® Wﬁl)

_ -fl ’_gl_ . f1’81 eEr
(W] [Weau] Ju] [8u

— i fl 1T 81 1 . {flvgl} € ST»{fNAgﬂ} € S*s
Wi [ Weu || bi{fi, 1) +Thu({fu, gu}) =0

T AT e 1. e sk €S A gud € S5
W] [Weu | " biltfi g1 + TV bu((W Sy, Wey)) =0
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_ Al e ] 8 € ST tups vad € S
up | |vu|) bi{f1 &) + Abu({uy, vu}) =0

= Ba.

(iii)=>(i1). Assume (iii) and define W : $H, — $, by ¥ = & 'Wd. Then W is a
Krein space isomorphism satisfying WS> = SpW. We have

Iy, &V = (Iﬁl @ q)ilw)(lﬁl ® (I)) = (1551 D ®71)(151 S W)(Ifll ©® cb),

Consequently,
(Ig, ® W)Ar = (In, ® @' W)Br (I, ® ®)
= (I, ® ") Ba(l5, ® WD)
= ZA(Iﬁl @ lIJ)’

which proves (ii).
(i1)=-(i). First notice that the equality in (ii) is equivalent to the equality

AT IR A1 R B

Assume (ii). Let A € C be arbitrary. By (4.15), {f1, g1} € Tz, ) is equivalent to

the statement: there exists { {?} [81” € Zp with AW fo — Wgr = 0. Since Y is
21182

an isomorphism, the last statement is equivalent to: there exists [f 1} , [81} € Zp

2|82
with A f> — g» = 0, which in turn is equivalent to { f1, g1} € Tgr (1). Since A € C was
arbitrary, (i) is proved.

(i)=(iv). Assume (i). Then, according to Theorem 4.4,

nul(P(z)l"_l) = bl(Tgr (z)) = bl(T;A (z)) = nul(”P(z)A_l) forall z € C.

By Lemma 2.7 there exists a unimodular d x d matrix polynomial ¥W(z) such that
(4.11) holds. This proves (iv).

(iv)=>(v). Assume (iv) and introduce the isomorphism W as in (4.13) and notice its
property in (4.14). Recall the property of the isomorphism @ in (4.12): forall { f2, g2} €
S5 we have by({ f2, g2}) = b ({® f2, Pg2}). Equivalently: for all {f,, g,.} € S5 we
have by({® " fi, @71 gu}) = bu({fie. gu})-

Set® = W, let {f2, 82} € S; be arbitrary, and calculate

b2({f2, g2}) = b ({® f2, Pga})
=V o, ({W® fo, Wdgs})
=V 'b({0o "W o, o' Wdg))
=V 'y ({0 f2, Og2}).
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Since V™! =14, (v) holds.

(v)=>(iv). Assume (v) and define W = ®®® . Then W : ¢, — €, is a linear
bijection such that WS, = S, W and WS; = SZW. By Theorem 2.9(i) there exists
a unimodular d x d matrix polynomial W(z) and an invertible matrix V satisfying
WI(z)P(z) = P(z)V and such that W is operator of multiplication by WW(z).

By properties of ® and ® we have for all { /.., gu} € S,

b ({Wfu, Weu)) = by (PO £, 2OD g, })
=by({007" f,, @07 'g,})
= A_lrbz({Q_lfun CD_lgM})
= A7'Thu({ fiu, 8-

By the definition of the boundary mapping b,, we have

W(@P@bu({ fu, §u}) = 2V@) fu(2) — W(2)gu(2),
= PR (W fa. Wep).
=P@A'Tbu({ fu, gu))-

Thus
WP fu, gu}) = PQATou({ fu. gu))-

The fact that b, is a surjection implies that W(z)P(z) = P(z) A~'T. This proves (iv).

To prove the last claim in the theorem, assume (iv). Then, by Lemma 2.8 with
V = 'l A, there exists a d x d invertible matrix W such that WP, = Poo"!A.
Therefore,

nul(PooAfl) = nul(Pool"fl).

Now, T3, (00) = T;.(00) follows from Theorem 4.4. O
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