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1. Introduction

Consider the following eigenvalue problem
_f//(x) :)\(sgnx)f(:r), T € [_171]7
f)y=xf(=1),
—f' (1) =xf(1).
Lengthy but straightforward calculations show the following: there exist an infi-
nite number of real, simple, nonzero eigenvalues which accumulate only at —oco
and +o0; the number 0 is also a simple eigenvalue. Details can be found at the
second author’s web-site. It is natural to consider this problem in the Hilbert space
La(—1,1) ® C2. To our knowledge the following related question, which presents
interesting mathematical challenges, has not been addressed. Is it possible to se-

lect eigenvectors of the given eigenvalue problem to form a Riesz basis of the
above Hilbert space? In this article we answer such questions for a wide class
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of indefinite Sturm-Liouville problems with A-dependent boundary conditions. In
particular, our Theorem 5.2 applies to the above simple example.

We consider a regular indefinite Sturm-Liouville eigenvalue problem of the
form

—(f) +af=Arf on [-1,1]. (1.1)

We assume throughout that the coefficients 1/p, g, in (1.1) are real and integrable
over [—1,1], p(x) > 0, and zr(z) > 0 for almost all z € [—1,1]. We impose the
following eigenparameter dependent boundary conditions on equation (1.1):

Mb(f) = ANb(f), (1.2)

where M and N are 2 x 4 matrices and the boundary mapping b is defined for all
f in the domain of (1.1) by

b(f) = [f(-1) FQ) 1) @MHD]".

For our opening example
00 0 1 \ 10 00
00 —1 0| 010 0]

We remark that more general boundary conditions have been studied by
many authors, recently for example in [3] and [4], but expansion theorems were
not considered. Expansion theorems for polynomial boundary conditions and more
general operators, but with weight » = 1, were given in [11] and [20].

In this article we study the problem (1.1), (1.2) in an operator theoretic
setting established in [5]. Under Condition 2.1 below, a definitizable self-adjoint
operator A in the Krein space La,(—1,1) & C%X (actually A is quasi-uniformly
positive as defined in [10]) is associated with the eigenvalue problem (1.1), (1.2).
Here A is a 2 x 2 nonsingular Hermitean matrix which is determined by M and N;
see Section 2 for details. We remark that the topology of this Krein space is that
of the corresponding Hilbert space L || GB(C?A‘. Here, and in the rest of the paper,
we abbreviate Ly ,.(—1,1) to Ly, and Ly |,|(—1,1) to Ly . For more details about
Krein spaces and their operators see the standard reference [14] and [1] for recent
developments.

Our main goal in this paper is to provide sufficient conditions on the coeffi-
cients in (1.1), (1.2) under which there is a Riesz basis of the above Hilbert space
consisting of the union of bases for all the root subspaces of the above operator
A. This will be referred to for the remainder of this section as the Riesz basis
property of A. We remark that the Riesz basis property of A is equivalent, modulo
a finite dimensional subspace, to similarity of A to a self-adjoint operator in a
Hilbert space. The latter similarity has been the subject of several recent papers
(see for example [15] and [16]) involving Sturm-Liouville expressions on R without
boundary conditions.

Existence of Riesz bases and expansion theorems with a stronger topology,
but in a smaller space corresponding to the form domain of the operator A (which
in our case is a Pontryagin space), have been considered by many authors; see

M =
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[5, 21] and the references there. The results in [5] turned out to be independent of
the number and the nature of the boundary conditions and the coefficients p and
r. In contrast, the Riesz basis property depends nontrivially on the problem data
even for the case when the boundary conditions are A-independent (corresponding
to N = 0 in our notation).

Sufficient conditions on r (near the turning point 0) for the Riesz basis prop-
erty when N = 0 can be found in [2, 9, 12, 13, 18, 19], for example. That some
condition is necessary, even in the case p = 1, was shown by Volkmer [22] who
proved the existence of an odd r for which the Dirichlet problem (1.1) does not
have this property. Recently Parfenov [17] gave a necessary and sufficient condition
on an odd weight function r, near its turning point 0, for the Dirichlet problem
(1.1) to have the Riesz basis property. In [6] we constructed an odd r for which the
Dirichlet problem (1.1) has the Riesz basis property but the anti-periodic problem
does not. This example shows that an additional condition on r near the boundary
of [-1,1] (which in some cases behaves as a second turning point, in addition to
0, for (1.1)) is needed for the general case of (1.2). Such conditions are given in
[9] for A-independent boundary conditions and in [7] for exactly one A-dependent
boundary condition (i.e., when N has rank 1).

In this paper we consider the more difficult case of two A\-dependent boundary
conditions. The method we use has its origins in the work of Beals [2]. Subsequently
it was developed in [8] into a criterion (given below as Theorem 2.2) equivalent to
the Riesz basis property of A. This criterion involves a positive homeomorphism W
of the Krein space Lo, & C% with the form domain of A as an invariant subspace.
The explicit description of the form domain of A (given in Section 2) depends
entirely on the number k € {0,1,2} of boundary conditions which do not include
derivatives in the A-terms. We call such boundary conditions essential. Note that
this differs from the usual terminology for A-independent conditions. For example,
in our terminology 3/(1) = Ay(1) is an essential boundary condition.

The direct sum structure of the Krein space L, ® (CQA naturally leads us
to consider the homeomorphism W as a block operator matrix, the top left entry
W1 being an operator on Lo ... Since it is clear from Section 2 that the functional
components of the vectors in the form domain of A are (absolutely) continuous,
we see that Wy; induces a boundary matrix B satisfying

e[ = (1))

An important hurdle, with analogues in several of above references, is to solve the
inverse problem of finding a suitable W7, for a given matrix B. For example, in
[7] (see also Section 3 below) such operators Wi, were constructed with special
diagonal B under one-sided Beals type conditions at —1 or 1. In Section 4 we use
conditions at —1, at 1, and a condition connecting —1 and 1 to produce Wi, with
an arbitrary prescribed boundary matrix B.

In Sections 5 and 6 we complete the construction of W, thus establishing
our sufficient conditions for the Riesz basis property. When there are no essential
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boundary conditions (k = 0), it turns out that the one-sided Beals type condition
at 0 suffices; see Theorem 5.1. In other cases, however, we need conditions near
the boundary of [—1,1]. Conditions at 0, and at —1 or 1, are sufficient if k = 2
and A is definite. If A is indefinite, then we also need the condition linking —1
and 1. In these cases it suffices to construct W as a block diagonal matrix. This is
carried out in Theorem 5.2.

The most difficult case is kK = 1 which we tackle in Section 6. In this case we
need not only off-diagonal blocks for W, but also a perturbation K of Wiy, where
K is an integral operator whose construction is rather delicate. Our final result
Theorem 6.1 is as follows. If only one boundary point —1 or 1 appears with A in
the essential boundary condition, then a Beals type condition at that point and
at 0 are sufficient. Otherwise we need conditions at both boundary points and at
0, as well as the condition linking —1 and 1.

To conclude this introduction we remark that our conditions simplify dras-
tically if p is even and r is odd, a case which has been studied by several authors
[6, 17, 22]. In fact all the conditions that we impose on the boundary are then
equivalent; see Example 4.3 and Corollary 6.5.

2. Operators associated with the eigenvalue problem
The maximal operator Spax in Lo, associated with (1.1) is defined by
1
Smax : ng(f) = ;(_(pfl)/'i_qf)a f ED(SmaX)>
where

D(Smax) = Dmax = {f € L2,7‘ : fvpf/ € AC[O7 1]a é(f) € LQJ“}'
We define the boundary mapping b by

b(f) = [f(-1) f1) @)1 GMHD]", fED(Sma)-

and the concomitant matrix Q corresponding to b by

0o 0 -1 0

.10 0 0 1
=1

Q 1 0 0 O

0 -1 0 0

The significance of Q is captured by the following identity
1
| (St = IS}y = ib(0)"Qb(), £, € Do
-1

We note that Q = Q1.
Throughout, we shall impose the following nondegeneracy and self-adjointness
condition on the boundary data.

Condition 2.1. The boundary matrices M and N in (1.2) satisfy the following:
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(1) the 4 x 4 matrix [,\N/l] is nonsingular,

(2) MQM* = NQN* =0,
(3) the 2 x 2 matrix iMQ™IN* is self-adjoint and invertible and we define
A= —i(MQ'N*) 7.
Clearly the boundary value problem (1.1),(1.2) will not change if row reduc-
tion is applied to the coefficient matrix

M NJ. (2.1)

In what follows we will assume that the matrix in (2.1) is row reduced to row
echelon form (starting the reduction at the bottom right corner). In particular the

matrix N has the form
N. O
N = .
N;: N,

The matrix 0 in the formula for N is k& x 2 with k& € {0,1,2}. The k x 2 matrix N,
and the (2 — k) x 2 matrix N,, are of maximal ranks.
There are three possible cases for N in (2.1):

(a) N, is a 2 x 2 identity matrix (so k = 0),

(b) N, and N,, are nonsingular 1 x 2 (row) matrices (so k = 1),
(¢) N is a2 x 2 identity matrix (so k = 2).

n

In case (a), both boundary conditions in (1.2) are non-essential, that is both rows
on the right hand side of (1.2) contain derivatives. In case (b), the boundary
condition corresponding to the first row in (1.2) is essential, that is no derivatives
appear in this row on the right hand side; the second boundary condition in (1.2) is
non-essential. In case (c), both boundary conditions in (1.2) are essential. Evidently
k is the number of essential boundary conditions.

Next we define a Krein space operator associated with the problem (1.1),(1.2).
We consider the linear space Ly, & C3, equipped with the inner product

1
{({l) , <€)] = [1 fgr + v*Au, f,g€ La,, u,ve C2.

Then (Lgyr e C%,[-, ]) is a Krein space. A fundamental symmetry on this Krein
space is given by

Jo 0
0 sgn(A)|’
where 2 x 2 matrix sgn(A) and Jy : Lo, — Lo, are defined by
sgn(A) = |A|7*A  and  (Jof)(t) := f(t) sgn(r(t)), te[-1,1].

Then (-, -):=[J -, -] is a positive definite inner product which turns Ly, & C%
into a Hilbert space (Lgm &) Clel’ (-, >) The topology of La . ®C% is defined to
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be that of Ly |, @(Clel, and a Riesz basis of Ly ,®C3 is defined as a homeomorphic
image of an orthonormal basis of Ly |, & (Cle‘.
We define the operator A in the Krein space La, ¢ C% on the domain

;
D(A):{ Nb(f) €K : feD(Smax)}
by
f L Smaxf
Ale(f)] =lmbip)r TP

Using [5, Theorems 3.3 and 4.1] we see that this operator is definitizable with
discrete spectrum in the Krein space La , & C%. As in [7, Theorem 2.2], we then
obtain the following, which is our basic tool.

Theorem 2.2. Let F(A) denote the form domain of A. Then there exists a Riesz
basis of Lo, ® C%X which consists of root vectors of A if and only if there exists a
bounded, boundedly invertible, positive operator W in Lo, & C4 such that

W F(A) C F(A).
In order to apply this result, we need to characterize the form domain F(A).
To this end, let Fax be the set of all functions f in Ly, which are absolutely
continuous on [—1, 1] and such that filp |f']? < +oo0.

By [5, Theorem 4.2], there are three possible cases for the form domain F(A)
of A, corresponding to cases (a), (b) and (c) above.

1
(a) N, = [0 (1)], then
-f LQ,T
F(A) = € ® : f€Fmax, veC?). (2.2)
v 2
vl

(b) If No = [u o] with u,v € C and |u|? + |v]? # 0, then

f Lo,
FA) =< |uf(=1)+of(1)| € & : f€ Fpax, 2€C
z CA
(¢) N, = Ll) 1]7 then
f Lo,
‘F(A) = f(_l) € @ f S ﬁnax (2 3)
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To construct an operator W as in Theorem 2.2 we need to impose conditions
(to be given in the next two sections) on the coefficients p and r in (1.1). In all
cases we need Condition 3.5 in a neighborhood of 0, and in some cases we need
one of two Conditions, 3.7 or 3.8, on r in neighborhoods of —1 or 1. These will be
discussed in Section 3. In some cases we also need Condition 4.1 connecting the
boundary points —1 and 1. This is developed in Section 4.

3. Conditions at 0, —1 and 1

In this section we recall the remaining concepts and results from [7, Sections 3, 4
and 5] which we need in this paper.

A closed interval of non-zero length is said to be a left half-neighborhood of its
right endpoint and a right half-neighborhood of its left endpoint. Let 2 be a closed
subinterval of [—1,1]. By Fmax(¢) we denote the set of all functions f in Lo ,(2)
which are absolutely continuous on 2 and such that fl p|f'|? < +oc. With this
notation we have Fyax = Fmax|—1, 1].

Definition 3.1. Let p and r be the coefficients in (1.1). Let a,b € [—1,1] and let
h, and hyp, respectively, be half-neighborhoods of ¢ and b which are contained in
[—1,1]. We say that the ordered pair (hq, hy) is smoothly connected if there exist
(a) positive real numbers € and 7,

(b) non-constant affine functions « : [0,€] — h, and 5 : [0, €] — hp,

(¢) non-negative real functions p and w defined on [0, €]

such that

(i) «a(0)=a and B(0)=0b,
ii) poa and po f are locally integrable on the interval (0, €],

(iii) poa~' € Fuax(([0,€])),

(iv) 1/7 <w <7 ae. onl0¢,

r(B(t))]

(v) pt) = I(5e)]

|r(a(®))]

The numbers o, 3’ (the slopes of «, 3, respectively) and p(0) are called the pa-

rameters of the smooth connection.

and w(t) = for te€(0,¢.

A broad class of examples satisfying this definition can be given via the
following one.

Definition 3.2. Let v and a be real numbers and let h, be a half-neighborhood of
a. Let g be a function defined on h,. Then g is of order v on h, if there exists
g1 € C1(h,) such that

9(z) =z —al’g1(z) and gi(x) #0, € hq.

(The absolute value is missing in the corresponding definition in [7]).
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Example 3.3. Let a,b € {—1,0,1}. Let h, and hs be half-neighborhoods of a and
b, respectively, and contained in [—1, 1]. For simplicity assume that p = 1. If r in
(1.1) has order v (> —1 to ensure integrability) on both half-neighborhoods h,
and hy, then as noted in [7] the half-neighborhoods h, and h;, are smoothly con-
nected. Moreover the parameters of the smooth connection are nonzero numbers.
We remark that that p can be much more general — see [7, Example 3.4].

Theorem 3.4. Let ¢+ and j be closed intervals, 1,7 € {[—170}, [0, 1]} Let a be an
endpoint of 1+ and let b be an endpoint of j. Denote by a1 and by, respectively,
the remaining endpoints. Assume that the half-neighborhoods v of a and 3 of b are
smoothly connected with parameters o/, 3" and p(0). Then there exists an operator

S L27|7.|(Z) — L27|7.|(])
such that the following hold:
(S-1) S € L(Lojr (1), Loy (9), S* € L(Layjr((2), Lo (1)) 5
(5-2) (Sf)(x)=0, |z —bi| <3 forall f € Ly, (1) and
(S*g)(z) =0, |z —a1] < % for all g € Ly j,((9);
(5-3) SFmax(1) C Fmax(1),  S"Fmax(1) C Fimax(2);
(S-4) For all f € Finax(r) and all g € Finax(3) we have
lim (Sf)(y) = |o'] lim f(z), lim (S"g)(x) = |8'[p(0) lim g(y).
%GJ TEL e 1{/6]

This is [7, Theorem 3.6].

Condition 3.5 (Condition at 0). Let p and r be coefficients in (1.1). Denote by ho_
a generic left and by hgy a generic right half-neighborhood of 0. We assume that
at least one of the four ordered pairs of half-neighborhoods

(ho—,ho-),  (ho—shot),  (hot ho-),  (hot,ho+),
is smoothly connected with the connection parameters «f, 5, and po(0) such that

ol # 1561po(0).

We note from Example 3.3 that this condition is automatically satisfied if
p =1 and r is of order v on some half-neighborhood of 0.

Theorem 3.6. Assume that the coefficients p and r satisfy Condition 3.5. Then
there exists an operator

Wo: Lo, — Loy
such that the following hold:
(a) Wy is bounded on Lo | ;
(b) JoWo > 1, in particular VVO_1 is bounded and Wy is positive on the Krein
space Lo ,;

(© Wof)(@) = (Jof)(x), 5<|z[<1, fé€ Loy
(d) WOfmax C fmax-

This is [7, Theorem 4.2].
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Condition 3.7 (Condition at —1). Let p and r be coefficients in (1.1). We assume
that a right half neighborhood of —1 is smoothly connected to a right half neigh-
borhood of —1 with the connection parameters o’ ;,3"; and p_;(0) such that

la”y| # 18211p—1(0).

Condition 3.8 (Condition at 1). Let p and r be coefficients in (1.1). We as-
sume that a left half-neighborhood of 1 is smoothly connected to a left half-
neighborhood of 1 with the connection parameters o, , 4, ; and p11(0) such that

&1 | # 18141p41(0).

Again, we note from Example 3.3 that these conditions are automatically
satisfied if p = 1 and r is of order v_; and v4; on some half-neighborhood (in
[-1,1]) of —1 and 1, respectively.

The following two propositions appear in [7] as Propositions 5.3 and 5.4,
respectively.

Proposition 3.9. Assume that the coefficients p and r satisfy Condition 3.7. Let b
be an arbitrary complex number. Then there exists an operator

W,1 : L2,7‘ - L2,r
such that the following hold:

(a) W_y is bounded on Ly . ;

(b) JoW_y > I, in particular (W_1)~1 is bounded and W_y is positive on the
Krein space Lo ,;

(c) Woaf)(@)=(Jof)(x), —3<a<1, f€Ly,;

(d) Wflfmax C ]:max[_lv O} @ ]:max[071

(e) (Wflf)(_l) = bf<_1) fO’f’ all f € fmax~

Proposition 3.10. Assume that the coefficients p and r satisfy Condition 3.8. Let
b be an arbitrary complex number. Then there exists an operator

Wii:Loy — Lo,

b
)

such that the following hold:
(a) Wiy is bounded on Ly . ;
(b) JoW41 > I, in particular (Wyq1)™1 is bounded and W,y is positive on the
Krein space Lo ,;

(©) Wirf)(@) = (Jof)(x), —1<z<35, f€Lyyy;
(d) W—&-l]:max - ]:max[_lao] @fmax[oa 1]7
(e) Wy /)(1) =bf(1) forall f€ Fmax-

4. Mixed condition at +1 and associated operator

In this section we establish analogues of the above results for a new condition
involving both endpoints of the interval [—1, 1].
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Condition 4.1 (Condition at —1,1). Let p and r be the coefficients in (1.1). We
assume that at least one of the following three conditions is satisfied.

(A) There are two smooth connections each connecting a right half-neighborhood
of —1 to a left half-neighborhood of 1 with the connection parameters a;nj,
1y and p;(0), j = 1,2, such that

!
m1|

|Brn1lm1(0)  |B7napm2(0)

(B) There are two smooth connections each connecting a left half-neighborhood of
1 to a right half-neighborhood of —1 with the connection parameters a;ﬂj, ﬂ;nj
and pm;(0), j =1,2, such that (4.1) holds.

(C) A right half-neighborhood of —1 is smoothly connected to a left half-neigh-
borhood of 1 with the connection parameters a1, 8,1 and p.,1(0), and a left
half-neighborhood of 1 is smoothly connected to a right half-neighborhood
of —1 with the connection parameters .5, 81,2 and pm2(0), such that

/

| | s

0. (4.1)

/

|04m1| |ﬁ;n2|Pm2(O)
1811 lpm1(0) a0 ]

Example 4.2. From Example 3.3 it follows that this condition is satisfied if p = 1
and r has the same order v on a right half-neighborhood of —1 and a left half-
neighborhood of 1.

Example 4.3. If p is an even function and 7 is odd, then it turns out that Con-
ditions 3.7, 3.8 and 4.1 are equivalent. The first equivalence is clear. For the sec-
ond, assume that Condition 3.8 is satisfied. Let a1 and (811 be the correspond-
ing affine functions from Definition 3.1 defined on [0, ¢]. Now define au,i(t) =
at1(t), Bmai(t) = —B41(t), t € [0,€), 50 pm1 = p+1. Note that p is locally inte-
grable on [ay1(€),1) by Definition 3.1 (ii). Then define a,2(t) =1 — ¢, Bma(t) =
—1+t,t € [0,1—ay1(e)) and 0 ppz = 1. Then Condition 4.1(B) is satisfied since
(4.1) takes the form

|1 | |z a1

Bl om1(0)  |B7nalpm2(0)  {18%11p4+2(0) 1

which is nonzero by Condition 3.8. The proof of the converse is similar.

Example 4.4. We call a function g : [—1,1] — C nearly odd (nearly even) if there
exists a positive constant ¢ # 1 such that g(—z) = —cg(z) (9(—z) = cg(x)) for
almost all z € (0,1]. We note that if p is a nearly even function and r is nearly
odd, both Conditions 3.5 and 4.1 are satisfied. Also, Conditions 3.7 and 3.8 are
equivalent. The verification is straightforward.

Example 4.5. Let p = 1 and r(z) = —1 for z € [-1,0) and r(z) = 1 — « for x €
[0, 1]. It is not difficult to verify directly that these functions satisfy Conditions 3.5,
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3.7 and 3.8, but not Condition 4.1. In addition notice that r is of order 0 in a right
half-neighborhood of —1 and of order 1 in a left half-neighborhood of 1.

The proof of the following theorem occupies the remainder of this section.

Theorem 4.6. Assume that the coefficients p and r satisfy Conditions 3.7, 3.8
and 4.1. Let by, j,k = 1,2, be arbitrary complex numbers. Then there exists an
operator

Wsl : L2,7‘ - L2,r
such that the following hold:
(a) W1 is bounded on the Hilbert space Ly ;

(b) JoWe1 > 1, in particular Ws_ll 18 bounded and Wy is positive on the Krein
space Lo y;

(©) Waf)(@) = (Jof)(z), %S
(d> Wslfmax C fmax[ 1 0] @.,F

<

1
o 1 o o[
(Wa f)(1 bar bao| | FOU) |

Proof. We construct Wy, in the form
Ws1 = JO(leXsl + I),

X X
X, — 11 12
Xo1 Xoo

is a block operator matrix corresponding to the decomposition
Lo jr) = La,jr|(=1,0) & Ly (0, 1).

We split the proof into three parts. The off-diagonal and diagonal entries of
X1 are constructed in the first and second parts, respectively. In the third part
we establish the stated properties of Wy;.

% f € LQ,T;

where

1. To construct the off-diagonal operators we treat each case (A), (B), (C) of
Condition 4.1 separately.

Case (A). By Theorem 3.4 there exist operators
Smj : LQ,\T\(fla O) - LQ,\T\(Ov 1)a Jj= 1a 2a

which satisfy (S-1)-(S-4) in Theorem 3.4 with ¢+ = [—1,0], 3 = [0,1], a = —1 and
b = 1. In particular, for f € Fax[—1,0] and j = 1,2,

(Smi ) A) = lom; [ F(=1), (S5, /)(=1) = |81 pm; (0) f(1).

To simplify the formulas we use the following notation
|am1 | |am2 ‘
T:= .
Bl pm1(0)  |B7na pm2(0)
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Define
Xo1 : L2,\r|(*1,0) - LQ,\T\(Oa 1),

Sml Sm2
Bl Pm1(0)  [B12] pm2(0)

Here and below we write such determinants as abbreviations for corresponding
linear combinations of operators. For all f € Fiax[—1,0] we have

lagaa f(=1)  agel f(=1)
|61/’nl ‘ Pm1 (O) |ﬁ;n2| Pm2 (O)
Also for all g € Finax|0, 1] we have

1Bl pm1(0) g(1)  [Bh2] pm2(0) g(1)

|Brn1| pma (0) | Bzl pm2(0)

Now define the opposite off diagonal corner

Xio: L2,\T|(O7 1) - L2,|r\(_1a0)a

X21 = b21 T_l

(X21f)(1) = boy Til = bglf(—l).

(X519)(—=1) =boy T =0.

by

! !
X = ) fr—l / S* / S* - _p ,r_l am1| |am2‘

12 := —b12 (=lagmal Spy + lan,1| Sho) = —bia . .
ml m2

Then for all f € Fyax[0,1] we have

|l | s

(X12f)(—1) = —b12 T!
1Bl pm1(0) f(1) | Bzl pm2(0) £(1)

= —b12f(1).

Also
| |l
|| F(=1) ol F(=1)
Case (B). By Theorem 3.4 there exist operators
Smj + L jr(0,1) — Lg(—1,0), j = 1,2,

which satisfy (S-1)-(S-4) in Theorem 3.4 with + = [0,1], y = [-1,0], a = 1 and
b = —1. In particular, for all f € F,ax[0,1] and j = 1,2,

(Smi ) (=1) = lom; [ F(1), (S5, 5)(1) = 18151 pm; (0) f(=1).

To simplify the formulas we continue to use the notation

(X{of)(1) = =bi2 T

/
m1|

T := .

|81l pm1(0)  |Bral pm2(0)

| |zl
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Define

X121 Lo (0,1) — Ly |, (—1,0),
by
Sml Sm2

Xig = —bipa T71 )
1Bl Pm1(0)  |Braal pm2(0)

Then for all f € Finax[0, 1] we have
laml f(1) lage] f(1)

1Bl Pm1(0)  |Braal pm2(0)
and for all g € Fiax[—1,0] we have

1871l pm1(0) g(=1)  [B12] pm2(0) g(=1)

|6;n1| Pm1(0) |6;712‘ pm2(0)
Now define the opposite off diagonal corner

Xoq : L2,\r|(715 0) - LQ,\T\(Ov l)a

(X12f)(_1) = —bi2 T! = —b1o f(l)

(X{29)(1) = =bia T~

by
el ol
Xo1 =ba T
* *
ml m2

Then for all f € Finax[—1,0] we have

/
ml‘

1Bl pm1(0) f(=1)  |Braal pm2(0) f(—1)
and for all g € Fiax[0, 1] we have

|a |

(Xo1 f)(1) = boy Y71 = bay f(—1)

|| |

|l 9(1) ol g(1)

Case (C). By Theorem 3.4 there exists an operator
St La jr(=1,0) — Lg ,(0,1)

with the properties listed in Case (A) of this proof and there exists an operator
Szt La jr(0,1) = Lg | (=1,0)

with the properties listed in Case (B).
To simplify the formulas in this part of the proof we use the notation
| | Bzl Pm2(0)
T:= .
Bl Pma (0) |ansl
Define
Xig: LQ,M(Ov 1) = Lg ), (—1,0)
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by
el 1Bsl pr2®)
S:;zl Sm2
Then for all f € Finax[0, 1] we have
o1 |12l Pm2(0)
(X12f)(—1) = =b1pa Y} ) ) = —b1a f(1)
Bl pm1(0) f(1)  Jag,e| (1)
and for all g € Finax[—1,0] we have
N _ 1 Sm1 9m2(0)
(X129)(1) = —=b12 T =0.
sm19(—1)  0m2(0)g(—1)
The other off diagonal operator
Xo1 : Lo jp)(—1,0) — Ly ,(0,1)
is defined as:
St Sk
Xo1 = by Y71
|81l Pm1(0) |am2|
Then for all f € Finax[—1,0] we have
lag | F(=1)  |Braal pm2(0) f(—1)
(Xo1 f)(1) = boy Y71 ) = bo1 f(—1)
1811l pm1(0) |l

and for all g € Finax[0, 1] we have

mil Pm1(0)g(1)  ag,2] g(1)

(X519)(=1) = by T~ =

1Bl pm1(0) |2

We conclude this part of the proof by summarizing that in each of the three
cases above we have defined operators

X12 : L27|T|(O, 1) — LQ,M(*LO) and Xgl : L2,|r|(7170) — L27|.,»|(0, 1)
such that

X12fmax[oa 1] C ]:max[_]-vo}a XTQfmax[_laO] C fmax[lvo]v
Xéklfmax[oy 1] C ‘/Tmax[_laoL X21fmax[_1u0] C Fmax[170]7
and for all f € Fiuax[0,1] and g € Frax[—1,0] we have
(X12f)(=1) = =b12 f(1), (Xi29)(1) =0,
(X5:/)(=1) =0, (X219)(1) = ba1 f(—1).

This completes the construction of the off-diagonal entries of Xj;.
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2. To construct the diagonal entries we need two self-adjoint operators P _ and

P+ defined as follows. Let ¢ : [-1,1] — [0,1] be an even function with ¢, €
C1[—1,1] and such that
oi(=1) =1, ¢r(x) =0 for 0<[z[<1/2, ¢r(1) = 1.

We now define
PL— : L2,|r\(_17 O) — L2,|r|(_170) and P17+ : LQ,M(O’ 1) — L2)|T|(O, 1)
by
(P f)(x) = f(x) p1(x), f € Ly (—1,0), ze€[-1,0], (4.2)

and

(P f)(2) = f(@) p1(x),  f€Lor(0,1),  xel0,1]. (4.3)
These operators enjoy the following properties:
(PL-f)(@) =0, f€Lyy(=1,0), —3
(Pr4f)(@) =0, f€Lyy(0,1), 0
P, _Fiax[—1,0] C Finax[—1,0], P11+ Fmax[0, 1] C Fiax[0,1],

<z
<z

)

INIA
N[ = 9

and
(Pl,—f)(il) :f(fl)v fefmax[flvo}v
(Pl,Jrf)(l) = f(l)v fe }—max[ov 1]

Now we use Condition 3.7 to construct the operator Xi;. As in Proposi-
tion 3.9, Theorem 3.4 implies that there exists an operator S_; : Lg |, |(—1,0) —
Ly |,/(=1,0) with the properties listed there. In particular for all f € Frax[—1,0]
we have

(S—1f)(=1) = la’4 | f(=1), (S22 £)(=1) = 18211 p-1(0) f(—1).

Since |a’_;| # |8_1| p—1(0) we can choose complex numbers v, and 72 such that
nlely|+ye=~bii =1,  FBL4[p-1(0) +7, = 1.
Let P; _ be the operator defined in (4.2). Put
Xu=mS-1+7 P .
Then for all f € Finax[—1,0] we have
(X1 f)(=1) = (=bu1 — 1) f(=1), (X71H)(=1) = f(=1).

Note also that

Xllj:max[_lao] C ]:rnax[_lao] and Xf1fmax[_1a0] C fmax[_lao}-

To construct Xoo we use Condition 3.8. By Theorem 3.4 there exists a
bounded operator
S+1 : L27‘7.|(0, ].) — LQ,m(O, 1)
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such that
S1Fmax[0,1] © Frnax[0, 1), 551 Fmax[0, 1] € Frnax[0, 1],
and for all f € Fiax[0,1],
(S )(1) = |, [ £(D), (ST1H @) = 18111 p12(0)f (1)
Since |a/ 1| # |4 1] p+1(0) we can choose complex numbers d; and d such that
Srla’ |+ 02 =—=bi1 =1,  61[B1]p1(0) + 02 = 1.
Let P; 4 be the operator defined in (4.3). Put
X9 = 01541 +62 P 4.
Then for all f € Finax[0, 1] we have
(X22f)(1) = (b2 = 1) f(1) and (X3 f)(1) = f(1).
Note also that
X22Fmax[0,1] € Fnax[0,1]  and X35 Finax[0, 1] C Frnax[0, 1.

3. Now we formally define Wy := Jo(X ¥ X1 + I) where

X X
x,, = [t Xzl
Xo1 Xoo

To complete the proof, we verify the properties of Wy, stated in the theorem.
Indeed, (a) and (b) are immediate, and since (X;; f)(z) = 0 whenever —1 <z < 1,
(c) follows. Moreover, each of the operators X;; maps Fax[—1,0] or Frax[0,1] to
Fmax|—1, 0] or Fiax[0, 1] according to its position in the matrix, so (d) holds.

Finally, we check the effect of the individual components at the boundary
points —1 and 1. Evidently

Xslj:max C fmaxa Xglj:max C fmax~
Moreover for f,g € Fiax we have

l(Xﬂf)(—l)] _ [(an)(—l)Jr(Xlzf)(—l)] _ [(—bn —1)f(—1)—bl2f(1)]

(Xs1£)(1) (X21/)(1) + (Xa22/)(1) bo1 f(—1) + (b2 — 1) f(1)
and
[(X;Hg)(—l)] _ [(Xﬁg)(—l)ﬁL(XQHQ)(—l)] _ g(-=1)+0
(X59)(1) (X129)(1) + (X39)(1) 0+g(1) |

Substituting ¢ = Xs1f € Finax, We get
[(lexslf)(_l)‘| _ [(—bn -1f(-1) - b12f(1)]
(X5 Xaf)() bor f(—1) + (bao — 1) f(1) |
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With Y = X} X1 + I we have

(Yslf)(—D] _ [—bl1f(—1) —blzf(l)] _ [—bu —b12] lf(—D]
Yaf)(1) | | barf(=1) +baaf(1) | | bar b | | F) |

which proves (e) since Wy = JoYs1. O

Remark 4.7. Notice that the operators W_; and W, from Propositions 3.9 and

3.10 satisfy
:[b o] [f(—l) l(WHf)(_l)]:[_I o] lf(—l)]
0 1) [ f(0) (Wi f)(1) 0 b [ f() ]’

(W-1f)(=1)
(W-1/)(1)

respectively, with arbitrary b € C. A stronger conclusion is contained in Theo-

rem 4.6 (e) under stronger assumptions.

5. Two essential or two non-essential boundary conditions

The first theorem of this section deals with the case of two non-essential boundary
conditions.

Theorem 5.1. Assume that the following two conditions are satisfied.

(a) Np = [(1) ﬂ

(b) The coefficients p and r satisfy Condition 3.5.

Then there is a basis for each root subspace of A, so that the union of all these
bases is a Riesz basis of Lo || @ C|a|-

Proof. By (2.2), the form domain of A is given as

L2,r
f(A): [ € @ ZfEfmaX,VG(Cz
\% (C2
A
Recalling W from Theorem 3.6, we easily see that the operator
Wo 0 L2,r L2,r
= _ & - &.
o &l a o

is bounded, boundedly invertible and positive in the Krein space Ly, @ C4. A
simple verification shows that W F(A) C F(A) so the theorem follows from The-
orem 2.2. O

We now consider the case of two essential conditions.
Theorem 5.2. Assume that the following three conditions are satisfied.

1 0
Ne = .
(a) N [0 1]
(b) The coefficients p and r satisfy Condition 3.5.
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(¢) One of the following holds:
(i) A > 0 and the coefficients p and r satisfy Condition 3.7.
(ii) A < 0 and the coefficients p and r satisfy Condition 3.8.
(iii) the coefficients p and r satisfy Conditions 3.7, 3.8 and 4.1.

Then there is a basis for each root subspace of A, so that the union of all these

bases is a Riesz basis of Lo || & C|a|-

Proof. Define the following two Krein spaces:
Ko:=Lor(—3,3): Ky := Lop(=1,—5)[+]L2r(5,1).

Extending functions in Ky and Ky by zero, we consider the spaces Ky and K; as
subspaces of L ,. Then

Lo, = Ko[+]K:.
As in the previous proof our goal is to construct W : Ly , & (CZA — Lo, @ (CZA.

The first step is to define Wy : Ly, — L2 ,. We proceed by considering each case
in (c) separately.

(i) Let Wy be the operator constructed in Theorem 3.6 and let W_; be the oper-
ator constructed in Proposition 3.9 with b = 1. Property (c) in Theorem 3.6 and
Proposition 3.9 imply that Ky and K; are invariant under Wy and W_;. Since we

chose b =1, we have (W_1f)(—1) = f(—1) and (W_1f)(1) = f(1). Define
W01 = W0|,CD H»]W—1|;c1' (51)

Since Wy and W_; are bounded, boundedly invertible and positive in the Krein
space Lo, so is the the operator Wy;. Also, Wo1 Fmax C Fmax and

[(Wmf)(l) _ lf(l)] | 52)
(Wouf)(1) J()

(ii) Instead of W_y in (i), we use the operator W, constructed in Proposition 3.10
with b = —1. Redefining the operator Wy, as

Wor := Wol, [HWiily, - (5.3)
we see that it is again bounded, boundedly invertible, and positive in the Krein
space Lo, Wo1Fmax C Fmax and (since we use b = —1)

Wor f)(—1 -1

[< ) )1 - [f( >] | -

(Worf)(1) f(1)

(iii) This time we replace W_; from (i) by Wy from Theorem 4.6, so we define
the operator

Wor := Wole, [H W, , (5.5)
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which is again bounded, boundedly invertible and positive in the Krein space Ly ;.
A]SO, Wo1Fmax C Fmax and

rwhfﬂ—b AlfGJW. o)
War f)(1) ] f()
Finally we define W : Ly, & CA — Lo, & C% by
wo Mo 0 (5.7)
0T
in case (c)(i),
[Wm 0 ]
W= (5.8)
0 -1
in case (¢)(ii), and
| ° 5.9
o At (5:9)

in case (c)(iii).
By (2.3), the form domain of A is

f L2,r
FA) =q |f(-1)]| € © : € Fmax
] Ca

A straightforward verification shows that in each case (5.7), (5.8), and (5.9), W is
a bounded, boundedly invertible, positive operator in the Krein space Lo, ® (C2A.
Moreover W F(A) C F(A) via (5.2), (5.4) or (5.6). Now the theorem follows from
Theorem 2.2. O

Example 5.3. Consider the eigenvalue problem
1" =Arf
f1)=xf(=1)

—f'(=1) = Af(1),

where r(x) = sgna,x € [—1,1], as in our example in the Introduction. Then
1 0

clearly N, = [0 1], giving (a) in Theorem 5.2 and (b) follows from the note

after Condition 3.5. Moreover, an easy computation gives A = [(1) (ﬂ, which is

indefinite. Condition (c¢) now follows from Examples 4.2 and 4.3, so Theorem 5.2
applies.

On the other hand, if instead we take r as in Example 4.5, then as we have
seen, Condition 4.1 fails and hence so does (c)(iii) in Theorem 5.2. Therefore
Theorem 5.2 gives no conclusion about a Riesz basis for this amended case.
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6. One essential and one non-essential boundary condition

The main result of this section is the following theorem. Its proof will occupy the
most of the section and then we will proceed to some examples.

Theorem 6.1. Assume that the following three conditions are satisfied.

v v 0 0 u v 0 0]
(a) N = or N = , where |u|? + |[v|> > 0 and the
* % ok 1 * % 1 0
asterisks stand for arbitrary complex numbers.
(b) The coefficients p and r satisfy Condition 3.5.
(c) One of the following holds.
(i) u=1,v =0 and the coefficients p and r satisfy Condition 3.7.
(ii) w=0,v =1 and the coefficients p and r satisfy Condition 3.8.
(iii) wv # 0 and the coefficients p and r satisfy Conditions 3.7, 3.8 and 4.1.
Then there is a basis for each root subspace of A, so that the union of all these
bases is a Riesz basis of Lo || & C|a|-

Proof. Tt follows from (a) that the form domain of A is

f L2,r
FA) =< |uf(=1)+of()| € & : f€Fmax, 2€C. (6.1)
2 Ca

It is no restriction if we scale the first boundary condition so that
lul? + [v]? = 1. (6.2)

As in the previous proofs we shall construct W : Lo, & (CQA — Ly, @ CQA in
blocks. We divide the proof into three parts and two lemmas.

1. First we define a bounded operator Wy : Ly, — Lo, such that
JoWo1 > I, (6.3)
Wo1Fmax C Fmax;
u(Wor f)(—1) + v(Wor f)(1) =0, f € Frax-
We distinguish the three cases in (c) above.
(i) As in the proof of Theorem 5.2(i), we define Wy; by (5.1), but now using b = 0
instead of b = 1. Then Wy, is a bounded operator in the Krein space Lj ,, and it

satisfies (6.4) and (Wy1f)(—1) =0, (Worf)(1) = f(1) and hence (6.5). Inequality
(6.3) follows from (5.1), Theorem 3.6(b) and Proposition 3.9(b).

(ii) This time we define Wy, by (5.3), but now using b = 0 instead of b = —1.
Then Wy, is a bounded operator in the Krein space Lo, it satisfies (6.4) and
(Worf)(=1) = —f(=1), (Wo1f)(1) = 0 and hence (6.5). In this case inequality
(6.3) follows from (5.3), Theorem 3.6(b) and Proposition 3.10(b).

iii) We now define Wy; as in the proof of Theorem 5.2(iii), but instead of using
A~1in 5.6 we use the zero 2 x 2 matrix 0. Then Wy, is a bounded operator in the
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Krein space Lo, it satisfies (6.4) and (Wo1f)(—1) =0, (Wo1f)(1) = 0 and hence
(6.5). Inequality (6.3) follows from (5.5), Theorem 3.6 (b) and Theorem 4.6 (b).

2. Next we define an integral operator K which will be a perturbation of Wp;.
2.1. We start by writing the inverse of the matrix A in the form

_ i1 T2
ATt =17 :
N2 722
and setting 7 := max{|n11], |m2|} > 0, with d2 > &; > 0 as the eigenvalues of |A|.
We also define three positive constants

o= 762
' 1+2H7"||152772’
« (51
= — 4/ = 6.6
=55, (6.6)
2027° |71 2
Ki=——-——— =2an’|r|;. 6.7
1+2H7"||1(527’]2 n || Hl ( )
Notice that )
P S (6.8)

1+2||7“||1(52772 (SQ

2.2. Since 7 is integrable over [—1, 1], we there exists v € [0,1) such that

/ e (s 69

Noting that p~/2 € L5(0,1) € L1(0,1) we can define

¢>($)=/ p X, €01,
0

Extending ¢ as an even function over [—1, 1] we see that ¢ € Fiax. Since ¢(1) is a
positive real number, we define ¢ = ¢/¢(1). Clearly ¢ : [—1,1] — [0, 1] is an even
function in F,.y such that

Y= =1 90)=0, ¢(1)=1, (6.10)
and, by (6.9),
c
[¥]l2,1r < pot (6.11)
2.3. Define

bs(z) = 0“71;? Y(z), z € [-1,0), (6.12)
an; T Y(x), z € 0,1].

Since ¥ € Frax and ¢(0) = 0, the functions ¢; and 15 belong to Frax. Set
w(z) == Y1(x) + ma2te(x), z€[-1,1],
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and define k : [-1,1] x [-1,1] — C by

(x) if t< -z,
Tw(t) it x> ¢, (6.13)
vw(z) if t> |z, '
u

w(t) if «<—|t.

k(x,t) =

By the definitions of 1,2 and w, since ¢ is a nonnegative even function, for all
x € [0,1] we have

Tw(—z), Tw(r) €R, and Tw(—z)=uw(z). (6.14)
Since w is continuous, it follows from (6.14) and (6.13) that k is a continuous
function. Moreover, by (6.2) and (6.12),
lw(®)] < nna +nna = 2n*a.
Therefore (6.7) shows that
K

Il

k(x,t)] < 2n°a = (6.15)

The first of our two lemmas is as follows.

Lemma 6.2. Let K : Ly, — Lo, be the integral operator defined by
1

(KN = [ at) JOrOd ] €L,

-1
Then

(I) The operator K is bounded and self-adjoint on Lo, and ||K||3 .| < K.
(ITI) The range of K is contained in Fax.

Proof. (I) We first note that for f in Lo, the function fr is integrable on (—1,1).
In fact
1 1
[ oaari= [ e
-1 -1
/2

(L) () i

For f € Ly, we calculate

1 1 1
1K FI13,10) S/ / k(e O LF @) [r(8)]dt /4Ik(x75)|If(S)IIT(S)IdSIT(I)IdI

(6.16)

< ( 1|f||) () d < 13,

by virtue of (6.15) and (6.16). Thus || K||s,,| < &, so K is bounded, and self-

adjointness follows from ( 13) since k(x,t) = k(t, z), z,t € [-1,1].
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(IT) Let f € Lo ,. By definition, for —1 <z < 0,

7 T —x 1
(Kf)(z) = uw(x) /_1(fr)(t)dt + ﬂ/ (wfr)(t)dt + vw(x) / (fr)(t)dt

and, for 0 <z <1,

KD) = @) [ (04 [ )0+ oo [ (e

The function fr is integrable on (—1,1) by (6.16). Since w € Fax the function
wfr is also integrable on (—1,1). Moreover,

lim (K f)(z) = m(Kf) () = (Kf)(0) =

Therefore for each f € Ly |, the function K f is absolutely continuous on [—1,1].
For almost all z € [-1,0), we have

x 1
(K f)(2) = @ (x) [1<fr>< )t + v (2 /
Fuo@) (fr)(@) —Twla) (fr) () — Tw(—z) (fr)(~2) + va(@) (fr)(~2),
and, for almost all z € (0, 1],
)/ (@) = @) [ (@@ [ (o
— w (@ (fr) (=) + D) (fr)(—a) + Tw() (fr)(2) — vo(@) (fr) ().

By (6.14) the terms not involving integrals in the above two equations cancel in

pairs. Thus K f € Fax for all f € Ly |, since @ € Finax. This completes the proof
of the lemma. O

3. We create off-diagonal blocks for W by means of the operator Z : C3 — Lo,
which we define by

al 2
ZaI:a1w1+(121/}2, a[ e C=.
as
The adjoint Z! : Lo, — C% of Z is given by
Z[*]f _ A_l [fﬂ/)ﬂ 7 f c L2,r~
[fv 1/)2}

Equalities (6.2), (6.11) and (6.12) yield [|¢1]|2,r < ¢ and [|¢)2]|2,)r| < c. Therefore

1
2
/1!Za| Il < 2(Jar Pl 1y + lazl* 12113 )

2
< 2c%a*a < 2;—a*|A|a.
1
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N 2 o
1Z]l = 112 <5 =25, (6.17)

The second lemma we need is as follows.

Consequently, by (6.6),

Lemma 6.3. Let the operator W : Ly, & C4 — Lo, ® C% be defined by
Wor + K A
zH - antt

Then

(I) W is bounded and uniformly positive on Lo, & C4.
(I) W F(A) C F(A).

Proof. (I) The operator W is bounded since each of its components is bounded.
To prove that W is uniformly positive, we shall show that the operator JW is
uniformly positive in the Hilbert space Ly, @ (C\QAI' From Lemma 6.2, |K| =

[JK]| <k and
0 Z 0 Z o
= < —
Il all=lo 1 ell=

v LD~ 2B
T ol 8

= (JoWoif, f) + aa*a+ (JoK f, f) + <J [Z9*> g] m 7 m>

a

z<ﬁﬁ+§}mAm—Mﬁﬁ—§%«ﬁﬁ+aﬂmw
> (1-m- ) n+ (5 - o) e

« @ a
:(%—%)U#Hd&amw (by (68))

= 55, (F.1) +a’[A]a)

_ o SIS
- 252 al’la )
as required.

(II) We start with the identity
u(Kf)(=1) +o(Kf)(1) = nmu [f, 1] +ma [fi2],  f € Lo, (6.18)
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which follows from the calculation

u(Kf)(—1) + (K f)(1)
1 1
:u/ k(—1,t) f(£)r(t) dt+v/ k(1,t) f(t) r(t) dt

-1 -1

= u/_lﬂ(nl1@1(t) + oty (1)) F(£) 7 (t) dt

o / T () + ) F0)7(e)

= [ulPmalf, 1] + [ulPmalf, 2] + [P lf, 1] + [vPmalf, ¢2]
=1 [f, ¥1] + malf, ¥2].
By (6.1), the general element of F(A) takes the form
f
uf(=1)+0vf(1)

z

where f € Fax and z € C. Applying W to this vector we obtain

g
w = [f, 1]+ ma [fs 2] + an (uf(=1) +vf(1) +ama 2| ,

*

where
g =Wof+Kf+ (uf(-=1)+vf(1)) %1 + 292 € Finax

by (6.4) and Lemma 6.2. Thus to prove that w € F(A), it is enough to show that
ug(=1)+vg(1) = mi [f, 1] +mz [f, Yo] +an (uf(=1)+vf(1))+amsez. (6.19)

To this end we calculate

ug(=1) = u ((Worf)(=1) + (Kf)(=1) + (uf(=1) + vf (1)) $1(-1) + 2¢2(-1))

=u(Wor f)(—=1) +u (K f)(=1) + alul®mi (uf(=1) + vf(1)) + a|u* mz 2

from (6.10) and (6.12). Similarly

vg(1) = v (Wor f)(1) + (K f)(1) + (uf(=1) +vf(1)) (1) + 2z 92(1))
=v(Wor £)(1) +v (Kf)(1) + a|vf* n (wf(=1)+vf(1)) + [v|? 12 2.

Adding and using (6.5), (6.18) and (6.2), we obtain (6.19). This completes the

proof of the lemma.

The theorem now follows from Theorem 2.2 and Lemma 6.3.

We now specialize Theorems 5.1, 5.2 and 6.1 to some of our earlier examples.

First we consider Example 3.3 (cf. Example 4.2).
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Corollary 6.4. Assume thatp =1 and r is of order vy > —1 on a half-neighborhood
of 0, and of order v1 > —1 on both a right half-neighborhood of —1 and a left half-
neighborhood of 1. Then there is a basis for each root subspace of A, so that the
union of all these bases is a Riesz basis of Ly |y @ C\a|.

Now we consider Examples 4.3 and 4.4.

Corollary 6.5. Assume that p is even, r is odd and that Condition 3.5 holds. If
k =0 or Condition 3.7 holds, then there is a basis for each root subspace of A, so
that the union of all these bases is a Riesz basis of Lo || © C|a|.

As a simple illustration of this corollary we could consider the eigenvalue
problem stated in Example 5.3 but with r odd and of order vy at 0 and vy at 1
(and hence of order vy at —1, since r is odd).

Corollary 6.6. Assume that p is nearly even and r is nearly odd. If k = 0 or
Condition 3.7 holds, then there is a basis for each root subspace of A, so that the
union of all these bases is a Riesz basis of Ly |, @ C\a)-
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